Topological Morphing Using Reeb Graphs
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Abstract

Metamorphosis between 3D objects is often the trans-
formation between a pair of shapes that have the same
topology. This paper presents a new model using Reeb
graphs and their contours to create morphing between 3D
objects having different topology. The proposed method
specifies the correspondence between of the input objects
by using the graph isomorphic theory. Then the super
Reeb graph, which has the equivalent topological infor-
mation to the Reeb graphs of the two input objects, is con-
structed and used to conduct the sequence of the morph-
ing. The evolutions of the topology that occur during the
morph can be specified by the transformation of the Reeb
graphs and their contours of the input objects. Reeb
graph-based modeling allows the users precisely and in-
tuitively control the morph because the topological infor-
mation of the objects, represented by the structures of the
Reeb graphs, is explicit and easy to understand. Moreover,
the contours of the Reeb graphs also represent the geo-
metrical information of the objects. The examples of
morphing between different topological shapes are dem-
onstrated.

1. Introduction

In recent years, morphing has considerably popularity
especially in the entertainment industry. It is also applied
not only to the industrial but also to the medical applica-
tions such as medical visualization. The success depends
on algorithms that allow users to specify correspondences
for morphs in an intuitive way. Several algorithms that
realized smooth morphing sequences have been proposed.

The task of morphing an object into another object that
has different topological information starts from specify-
ing a correspondence between the two objects. It is to
specify where features on one object end up on the other
object as a result of the transformation. When the topo-
logical information changes, the correspondence must
also indicate how the change takes place. The morphing
engine uses a method of interpolation to effect a transition.

On the 3D mesh morphing, many researches [3, 6]
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solve the correspondence problem by a sphere or a disk
embedded in 3D meshes to find the parameterization cor-
respondence. This method is improved [8] by using a re-
cursive algorithm to find a correspondence. Multiresolu-
tion analysis [9] is used to solve the correspondence prob-
lem through coarse-to-fine parameterization matching.
Combining scaled version of the shapes is used to produce
interpolations between shapes by combining scaled ver-
sion of the shapes [5]. Besides the mesh modeling,
morphing on volumetrically sampled implicit surfaces is
performed [4]. In this research the smoothness of the
transformation is improved by scheduling frequencies
using Fourier analysis. However, these methods do not
seem to work with the surface meshes that differ topo-
logically.

Some methods of topological evolution of 3D meshes
are presented. Intermediated 3D meshes are inserted inbe-
tween the source and the destination meshes to specify the
evolution of the topology [1]. All the possible alternatives
of topological transitions, however, are not considered
and the intermediate shapes are not systematically gener-
ated. 4D implicit surface is interpolated between 3D
meshes and 3D mesh is morphed by extracting isosurfaces.
However, the topological evolution is not explicitly of-
fered. The procedure to explicitly specify the topological
evolutions is proposed [14] by using formalism based on
the mesh morphing algorithm employing direct interpola-
tion of input 3D meshes by using a 4D tetrahedral mesh.
This procedure allows users to control and prevent the
ambiguity in the topological evolution. However, the use
of the formalism needs skills and knowledge of the topo-
logical evolution and may not trivial when the shapes and
sizes of the meshes are too complex.

The modeling of Reeb graph-based construction for
complex shapes [10, 11, 13, 15] uses Reeb graphs to rep-
resent the topology skeletons of 3D objects and cross-
sectional contours to represent the surfaces. The advan-
tages for modeling purposes are numerous, from ease of
use to compact storage or the ability to be converted from
polygonal shapes. Their use in the key-frame animation
[7] is also interesting since they can be used to interac-
tively and predictably handle key-frame deformation.

This paper focuses on morphing between topologically
different shapes and an automatically specifying the cor-



respondence between the two shapes by using the Reeb
graphs and their contours. The corresponding edges and
nodes of the Reeb graphs represent the correspondence
between two shapes. The transformations of the Reeb
graphs specify the topological transition of 3D shapes that
must occur during the morph. The Reeb graphs allows the
user to explicitly and precisely specify the sequence of
topological evolution. The demonstration of the shape
morphing is available to show the examples of topological
specification.

The remainder of the paper is organized as follow. Sec-
tion 2 briefly reviews the background on the Reeb graphs.
We present our transformations of the Reeb graphs to
specify the topological transition during the morph be-
tween the objects having different topological information
in Section 3. The graph isomorphism algorithm to specify
the corresponding nodes and edges of the Reeb graphs is
explained in Section 4. Section 5 demonstrates the exam-
ples of simple morphing results, and Section 6 concludes
this paper and notes the future work.

2. Background on Reeb graphs

In this section, we briefly review the approach for the
animation of an object using its Reeb graphs and contours
as shown in Figure 1.
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Figure 1. The Reeb graphs and contours of an object.

The Reeb graph represents the topological skeleton of a
3D object and shows between which contours the surface
patches should be generated. It is defined by regarding
each cross-sectional contour as a point. Adding the con-
tours to represent the geometry of the object enhances the
Reeb graphs to be able to represent a 3D object. The ob-
ject is reconstructed by generating surface patches be-
tween the contours. This process uses the homotopy and
the continuous toroidal graph [11]. The objects are as-
sumed to satisfy the definition of the Reeb graph based on
the height axis. The articulated Reeb graphs are proposed
to remedy this problem by allowing each edge of the Reeb
graph to hold its local height axis. When the Reeb graph

is transformed the edges will be transformed individually.
The point-to-point constraint and the re-transformation
are used to maintain the connectivity of the Reeb graphs
and the proper height axes.

The method used a purely geometric way of transfor-
mation without any optimization process to define the
skeletons and to generate the surface contours. The de-
formation of the objects is, hence, predictable because the
structures of the Reeb graphs explicitly represent the
topological information of the objects. This property,
making the method robust to topological changes, seems
attractive, especially when used for the generation of
metamorphosis between objects that have different topo-
logical information. Moreover, this method also provides
a solution to the self-intersection problem, which may
occur during the transformation.

3. Reeb graph transformation and topology
evolution

A smooth transformation between topologically differ-
ent objects requires both morphing the geometric interpo-
lation and evolution of the topology. As described in the
previous section, the Reeb graphs can represent the topo-
logical information of the objects while their contours
represent the geometrical information. Therefore, the
morphing for the geometric interpolation is the morphing
between the corresponding contours of the source and the
target objects, and the evolution of the topology can be
specified by the transformation of the Reeb graphs, which
will be detailed later.

To perform the morphing, we give two Reeb graphs G,
and G,, which we will refer to as the source and destina-

tion Reeb graphs of the input objects that are closed and
orientable. In the following sections we may refer only to
the transformation or correspondence from G, and G,.

3.1. Topological transformation

The transformation between two topologically different
objects involves an evolution of topology. According to
the topological transitions [2] arising from the critical
points of the surface, which can be invoked by attaching
the topological handles to the surface, this allows us to
specify eight possible topological transitions [14], which
are represented by the following transformations of
theReeb Graphs as shown in Figure 2.
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Figure 2. The eight transformations of the Reeb graphs.(a) Transformation 1: Split a one-to-three Reeb node to
two one-to-two Reeb nodes. (b) Transformation 2: Shift the right Reeb edge e, upward until it is above the left
Reeb edge e,. (c) Transformation 3: Delete a one-to-one Reeb node. (d) Transformation 4: Add a one-to-one Reeb
node. (e) Transformation 5: Split a Reeb edge into two. (f) Transformation 6: Split a two-to-two Reeb node into
two Reeb edges with one Reeb node. (g) Transformation 7: Join two Reeb edges within a loop into one Reeb edge.
(h) Transformation 8: Join two Reeb nodes into one two-to-two Reeb node

Transformation 1: Split a one-to-N or N-to-one Reeb
node to a collection of articulated one-to-two or two-to-
one Reeb nodes as shown in Figure 2(a).

Every one-to-N and N-to-one Reeb node must be split
to a collection of articulated one-to-two or two-to-one
Reeb nodes and also their contours. This transformation
reduces the complexity the structure of the Reeb graph.

Transformation 2: Shift a lower left/right Reeb edge
up until it is above the right/left Reeb edge.

A left or right Reeb edge can be shifted up until it is
above the Reeb edge in the other side. It means that the
collection of articulated one-to-two or two-to-one Reeb
nodes may be re-split into another structure. As shown in
the Figure 2(b) the Reeb edge e, is shifted until it is above
the edge e, .

Transformation 3: Delete a one-to-one Reeb node and
its contour and connect the upper and lower Reeb edges
as shown in Figure 2(c).

This transformation does not change the topology of
the objects but it is used to ease the structure of the Reeb
graph.

Transformation 4: Split a Reeb edges into two Reeb
edges and add a Reeb node and its contour between them
as shown in Figure 2(d).

This transformation does not change the topology of
the objects. The added Reeb node and its contour will be
transformed between the corresponding Reeb nodes and
the contours of the two Reeb graphs of the input objects.

Transformation 5: Split a Reeb edge between a pair of
Reeb nodes into two Reeb edges as shown in Figure 2(e).

This transformation is used to add a hole to the surface.

Transformation 6: Split two-to-two Reeb node and its
contour into two one-to-one Reeb nodes and two contours
as shown in Figure 2(f).

This transformation is used to split a part of the object
into two or merge upper and lower holes into one hole.

Transformation 7: Join two Reeb edges within a loop
to one Reeb edge as shown in Figure 2(g).

This transformation is used to merge two parts of the
objects into one.

Transformation 8: Join two Reeb nodes and their con-
tours to one Reeb node and one contour as shown in Fig-
ure 2(h).

This transformation is used to split a hole into upper
and lower holes.

The transformations shown in Figure 2 represent all the
possible cases of the topological evolution. The arbitrarily
transition is allowed by combining these transformations.
Figure 3 shows the transformations of the surfaces of the
objects according to the transfomation of the Reeb graphs
in Figure 2. However, the objects in this research are
fixed in the height axis so it is possible that some
topology evolution may not satisfy the definition of the
Reeb graphs. The solution is to reconstruct the Reeb
graph in a new height axis as described in [7]. In this
paper, the user can specify their own evolution of the
objects by defining the sequence of the transformations
that will be described in Section 4.2.
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Figure 3. The eight transformations of the surfaces of the objects.(a) Transformation 1: Split a one-to-three Reeb
node to two one-to-two Reeb nodes. (b) Transformation 2: Shift the right Reeb edge e, upward until it is above the
left Reeb edge e . (¢) Transformation 3: Delete a one-to-one Reeb node. (d) Transformation 4: Add a one-to-one
Reeb node. (e¢) Transformation 5: Split a Reeb edge into two. (f) Transformation 6: Split a two-to-two Reeb node
into two Reeb edges with one Reeb node. (g) Transformation 7: Join two Reeb edges within a loop into one Reeb
edge. (h) Transformation 8: Join two Reeb nodes into one two-to-two Reeb node.

3.2. Geometry interpolation

In our method the morphing of the geometrical interpo-
lation is the morphing between two 2D contours. A tree
structure [11] is employed to efficiently describe the in-
clusion relations of contours on a 2D plane. The contours
of the intermediate Reeb graph are interpolated by homo-
topy of the input Reeb graphs’ contours as shown in Fig-
ure 6.

4. Algorithm

Since our method is based on the Reeb graphs consid-
ered as directed graphs, we solve the correspondence
problem by examining the graph isomorphism problem,
which is to find an efficient method for determining if two
graphs are isomorphic. In this paper, we use a fast back-
tracking algorithm [12] that has been effective in testing
large classes of directed graphs. This method falls into the
class of vertex classification algorithms that are adapted to
the class of Reeb node classification algorithm. Then, the
digraph isomorphism algorithm [12] provides us with a
solution. The answer to the correspondence problem is
given when the graphs are isomorphic. Hence, its order is
O (n3) and O (n*n!) in the worst case.

4.1. Super Reeb graphs
Super Reeb graph is an intermediate Reeb graph inbe-

tween the input G, and G,. The Super Reeb graph imple-
ments the topological transitions of both input Reeb

graphs as in Figure 4. The user can create the source and
destination Reeb graphs or input the 3D polygonal objects
and let the system convert polyhedra to cross sections and
construct the Reeb graphs of the objects. The key of the
topological transition in this research is to construct this
Super Reeb graph.

(=) (b) (c)

Figure 4. An Example of the Super Reeb graph. (a)
Reeb graph G, (b) Super Reeb Graph (c) Reeb Graph

2

The Super Reeb graph must be able to transform to both
sources. On the other hand, it must have the topological
information equivalent to each object. The Super graph
must be a Reeb graph that can be transformed to both G,
and G,. Each G, and G,will be transformed to a new Reeb
graph that has less complex structure by using the trans-
formation methods described in Section 3.1. The trans-
formation will start with the graph that has more Reeb
nodes until the two Reeb graphs have the same node.
Then the two transformed Reeb graphs will be checked to



see if it is isomorphic or not and the correspondence is
specified. If they are equivalent to each other, the process
will be terminated and the super Reeb graph is the graph
in the final state where the two transformed Reeb graphs
are isomorphic. If the two transformed Reeb graphs are
not yet isomorphic, the transformations are applied again
and again until they are isomorphic and the correspon-
dence is specified. In the worst case, each of the two
graphs will be transformed into a one-edge Reeb graph
with two contours. That means there is no topological
difference between the two transformed Reeb graphs.

()
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Figure S. The topological evolution between a torus
and an 8-shape Reeb graphs by using different series
of the transformations. (a) The morphing by joining

two Reeb nodes. (b)The morphing by adding a Reeb
node and then splitting an Reeb edge into two.

6. Conclusions and future works

The main purpose of this paper is to present a method
that can produce smooth transformations between the
topologically different objects using the Reeb graphs and
their contours. Because of the advantage of using the Reeb
graph-based model, users can control the transition of the
topological information of the objects by selecting the
transformations proposed in this paper. The transforma-
tion is defined based on the topological transition and can
be used to control most possible cases of topological
evolution of the 3D objects. The ease and clear structure
of the Reeb graph help users who are not familiar with the
topology to precisely and intuitively design how the
morph should be. The super Reeb graph is introduced to

4.2. Topological transition selection

The user can predefine the sequence of the topological
transformation. Then the system will check the correspon-
dence of the input Reeb graphs. If the input Reeb graphs
are not topologically equivalent to each other, the input
Reeb graphs will be transformed in the order of the se-
quence that is predefined. Otherwise, the transformations
can be selected step by step by the user. The morphing
results between Reeb graphs of a torus and a sphere with
the different sequence of the transformations are shown in
Figure 5. Figure 5(a) is the result of morphing with the
sequence of the transformations defined as 1, 2, 3, 4, 5, 6,
7, 8 and Figure 5(b) is the result of the morphing with the
sequence of the transformations defined as 1, 2, 3, 4, 8, 7,
6,5.

5. Experimental Results

This section shows some examples of morphing be-
tween 3D objects having different topology. Figure 6
represents the geometrical interpolation between two dif-
ferent objects having the same topology. Figure 7 is a
transformation from a torus to a sphere. Figures 8 and 9
are the morphing results between the “0” shape object and
an “8” shape object with the different sequences of the
Reeb graph transformations as shown in Figures 4 and 5.
The transformations proposed in this paper represent the
topological transition of the objects. Users can precisely
and intuitively select the proper transformation. The ease
of the topological representation leads to more predictable
and clear morphing result. This method can be also set to
the automatic mode to automatically specify the corre-
spondence between the two different topological input
objects and give the morphing results according to the
predefined transformation sequence, or let the user select
the transformations interactively.

implement the process of morphing. By using the graph
isomorphic algorithm, the correspondence between the
transformed isomorphic Reeb graphs will be specified.
The self-intersection during the transformation is also
prevented [7].

As the Reeb graph-based model is fixed to the height
axis, the object is considered to be orientable or fixed to
the height axis. It means that there may exist some topo-
logical transformations that make the Reeb graphs invalid.
The height axes may have to be transformed to the proper
directions or even the transformed Reeb graphs might
need to be reconstructed. Furthermore, the algorithm to
specify the correspondence between the input Reeb graphs
is still unsatisfactory for complex objects.



We still have to find out the solution for morphing of
the open surface objects using the Reeb graphs. Finally,
the extension of this method to large, articulated, and
more complex models will produce even more interesting
results.
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Figure 6. The geometrical evolution between two objects having the same topology.

Figure 7. The topological evolutions between a torus and a sphere.
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Figure 8. The topological evolution between a (-shape object and an 8-shape object by
using the transformation sequence: 1,2, 3,4, 5, 6, 7, 8.
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Figure 9. The topological evolution between a (0-shape object and an 8-shape object by
using the transformation sequence : 1,2,3,4,8,7,6, 5.
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