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Abstract

Thedisplayof realisticnatural scenesis oneof themost
importantresearchareasin computergraphics.Therender-
ing of wateris oneof theessentialcomponents.Thispaper
proposesanef�cient methodfor renderingimagesof scenes
within water. For underwaterscenery, the shaftsof light
and causticsare attractiveand importantelements.How-
ever, computingtheseeffectsis dif�cult andtime-consuming
sincelight refractswhenpassingthroughwaves.To address
theproblem,our methodmakesuseof graphicshardwareto
acceleratethecomputation.Our methoddisplaystheshafts
of light byaccumulatingtheintensitiesof streaksof light by
usinghardware color blendingfunctions.Therenderingof
causticsis acceleratedby makinguseof a Z-buffer and a
stencilbuffer. Moreover, by usinga shadowmappingtech-
nique, our methodcan displayshaftsof light and caustics
takingaccountof shadowsdueto objects.

Keywords: Water, Shaftsof Light, Caustics,Shadows,
GraphicsHardware, Natural Phenomena

1 Intr oduction

Thecreationof realisticimagesof naturalscenesis one
of themostimportantsubjectsin computergraphics.Accu-
ratesimulationof naturalphenomenais requiredto gener-
aterealisticimages.Of all naturalphenomena,therealistic
renderingof water, suchastheseaandlakes,is oneof the
mostessentialcomponents,somany techniqueshave been
developedto representwateraccurately. Thegenerationof
realistic imagesconcernedwith water can be categorized
into two classesas follows: renderingwaterviewed from
above thewatersurfaceandrenderingunderwaterscenes.

Many methodsfor renderingwaterviewed from above
have beendeveloped. On the otherhand,therehave been
few works focusingon renderingunderwater images.Un-
derwaterscenerycanbevery attractive,soseveralmethods
have beendevelopedto createrealisticunderwaterimages.

Thereareseveral optical effects that are importantin wa-
ter, suchasshaftsof light, caustics,andshadows. Caustics
arethelight patternsthatareformedonsurfaces.Refracted
light from wavesin thewatercanconvergeanddiverge,and
thiseffectcreatescausticsandshaftsof light dueto thelight
that getsscatteredfrom suspendedparticles. Scatteringor
absorptiondue to water moleculesand suspendedmatter
determinethe color of the water. Shadows dueto objects
within waterarenecessaryto increaserealism.

This paperproposesa new methodfor fastrenderingof
realistic imagesof sceneswithin water. Recently, highly
ef�cient graphicshardwarehasbecomeavailableandthere-
fore severalmethodshave beendevelopedto generatereal-
istic imagesof naturalphenomena[1, 2,6, 19]. Ourmethod
makesuseof theadvancedgraphicshardware.

Our methodis basedon Nishita'smethod[11]. We have
improvedhismethodfor usewith graphicshardware.How-
ever, his methodrequiresseveralminutesto createa single
image. Thereforewe have extendedhis methodin order
to acceleratethe computationby usinggraphicshardware.
Our methodcandisplaytheshaftsof light, causticson ob-
jects,andshadows dueto objects. The shaftsof light are
renderedbyusinghardwarecolorblendingfunctions.Caus-
tics arecalculatedby makinguseof a stencilbuffer. The
shadow maptechniqueis usedto createtheshadows of ob-
jects.

In thispaper, previouswork is discussedin Section2. In
Section3 we describethe methodof modelingwavesthat
we have adopted.In Section4 we describeour rendering
methodfor shaftsof light using graphicshardware. Sec-
tion 5 dealswith causticsnot only on planesbut also on
complex objects. In Section6 we discussesthe displaying
of shadows usinggraphicshardware.Thenexamplesanda
conclusionarepresentedin Sections7 and8, respectively.

2 Previous Work

Theresearchoncreatingrealisticimagesrelatedto water
canbe categorizedinto two types. First, we shall review



thepreviousmethodsusedfor renderingwaterviewedfrom
above. Thenthe methodsfor renderingunderwaterscenes
arediscussed.

Thereare two main componentsto createrealistic im-
agesof water. One is the modelingof waves. In 1986,
FournierandReevesdisplayedcoastalscenes[3] usingGer-
stner'swavemodel[4]. Peachey [13] presentedanew wave
model that could simulatethe behavior of approachinga
slopingbeachusinga height �eld computedfrom Stokes'
wavemodel,with quadricsurfacesto introduceasymmetry.
In 1987,Ts'o andBarsky proposeda new method”Wave-
Tracing” and modeledwaves using Beta-splineinterpola-
tion [21]. They also took wave refractioninto considera-
tion. Their wave modelis basedon Gerstnerwave model.
However, the oceanographicliterature tendsto downplay
Gerstnerwavesasa realisticmodelof waves. Tessendorf
proposeda statisticalwave model which synthesizessine
andcosinewaves[20].

The othercomponentfor renderingwater imagesis the
calculationof thewatercolor. Kanedaet al. [8] proposeda
methodfor renderingrealistic water surfaces,taking into
accountthe radiative transferequationof light in water.
Nishitaet al. [10] obtainedananalyticalexpressionfor cal-
culatingoceancolor taking into accountthesinglescatter-
ing of light. Premozeand Ashikhmin [14] recentlypre-
senteda light transportapproach.They simulateddifferent
oceandepthsnearislandsandvarioustypesof oceansuch
asmuddyocean,deepcoastalocean,andtropicalocean.

Concerningunderwater images,methodsfor caustics,
shaftsof light, andthe color of the water itself have been
developed. Shinya et al. [17] proposedan algorithm for
displayingcaustics. They calculatedthe illumination dis-
tribution on surfacesin advanceby usinggrid-pencil trac-
ing. Watt [22] developedbackward beamtracing. These
methodsusea kind of ray tracingalgorithm,soit takestoo
much time to generateimages. Stamproposeda method
for generatingcausticstextures[18]. His method,however,
cannotgeneratecausticson any object directly. Display-
ing shaftsof light is oneof themostimportantelementsto
simulatescatteringof light. Therefore,many methodshave
beenproposed.Regardingshaftsof light in theatmosphere,
Nishita et al. [9] proposeda shadingmodel for scattering
andabsorptionof light. Recently, Dobashiet al. presented
amethodfor renderingshaftsof light throughgapsbetween
clouds[1]. They also improved the methodso that it can
dealwith not only parallellight sourcesbut alsopoint light
sources[2]. As for shaftsof light within water, Jensenet
al. [7] displayedcausticsandshaftsof light using photon
maps. In general,however, the methodof photonmaps
takestoo muchtime.

In 1994,NishitaandNakamae[11] presenteda method
for displaying caustics,shaftsof light, and the color of
the waterusing an accumulationbuffer. They subdivided

the watersurfaceinto meshesandmadeillumination vol-
umes. The illumination volumeis calculatedby sweeping
refractedvectorsateachlatticepointof themesh.Thenthey
usedthescanline algorithmfor calculatingtheintensitiesof
illumination volumesandstoredthemin the accumulation
buffer. Oneof the advantagesof this methodis the ability
to handlefree-formsurfaces,but it takesseveralminutesto
createanimagesincetheaccumulationbuffer usedwasnot
a graphicshardwarebuffer andtheintensitiesof theillumi-
nationvolumesateachscanplanehave to becalculated.

In recentyears,with increasingthe quality of graph-
ics hardware, many researchershave proposedhardware-
acceleratedmethods.Stamproposeda methodfor render-
ing smoke in realtimeusing3D texturemapping[19]. Hei-
dritch presenteda shadow mapmethodusingthealphatest
andprojective texturingmappingtechnique[5].

We proposea fastmethodfor renderingoptical effects
within water using advancedgraphicshardware. In our
method,we also useillumination volumesfor displaying
shaftsof light. Theilluminationvolumeis dividedinto sev-
eral volumesto be suitablefor graphicshardwareandthe
intensitiesof shaftsof light canbecalculatedby usinghard-
warecolor blendingfunctions. Causticsarealsorendered
by makinguseof illumination volumes.We determinethe
intersectionareabetweenthe illumination volumeandob-
jectsby usingastencilbuffer. Ourmethodcanhandleshad-
owsdueto objectsby thehardware-acceleratedshadow map
method.

3 Modeling of Waves

Althoughthepurposeof thispaperis notthemodelingof
waves,we discussthe methodsfor the modelingof waves
in this section.Modelingof wavesis very importantsince
shaftsof light resultsfrom theconvergenceanddivergence
of refractedlight at thewatersurface.Causticspatternsare
alsodeterminedby theshapeof waves.

The wave modelwhich we have adoptedis a statistical
wavemodel[20]. Thestatisticalwave modelrepresentsthe
waveheightasthedecompositionof sineandcosinewaves.
Thewave heighth(x; t) at time t canbe calculatedby the
following equation.

h(x; t) =
X

k

~h(k; t) exp(ik � x); (1)

wherex is the horizontalpositionandk is the wave num-
bervector. This equationcanbecalculatedby FastFourier
Transforms.TheFourier amplitudes~h(k; t) determinethe
shapeof the wave. ~h(k; t) is basedon Phillips spectrum,
which is calculatedfrom thewind speedanddirection.

Oneof the advantagesof this model is that wind-speed
canbehandledby users.Althoughthismodelcannotrepre-
sentplungingwavesbecauseof thelimitation of theheight



�eld, thestatisticalwavemodelcangeneratevariouswaves
from calm waveson a sunny day to roughwaves like the
movie ”The PerfectStorm”.

4 Displaying Shaftsof Light

Calculatingshaftsof light within water, whicharisefrom
refractedlight due to waves, is one of the optical effects
within water. This is the phenomenonthat refractedlight
gatherssincewaves on the water surfaceact like lenses.
Theincidentlight reachingthewatersurfaceconsistsof two
components:direct sunlightandskylight. In our method,
we takesunlightinto accountandregardskylight asanam-
bientlight.

4.1 Basicideaof intensity calculation

Here,we describethe methodfor calculatingthe inten-
sity of light reachingtheviewpoint. Thescatteringof light
dueto waterparticleshasto be taken into considerationto
displayshaftsof light.

Our method is an improved version of Nishita's
method[11]. So, we explain this methodbrie�y . More-
over, to simplify theexplanation,we assumethat thereare
noobjectswithin thewaterin this section.
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Figure 1. Calculation of intensity reaching
viewpoint.

As shown in Fig. 1, when one's viewpoint is located
within the water, the intensityof light I v (� ) comingfrom
point Q on thewatersurfaceandreachingviewpoint Pv is
calculatedby thefollowing equation.

I v (� ) = I Q (� )exp(� c(� )L )+
Z L

0
I P (� )exp(� c(� )l )dl; (2)

where L is the distancebetweenPv Q, l is the distance
betweenPPv , c(� ) is the attenuationcoef�cient of light
within waterandI P representsintensityof light scattered
at point P. If the anglebetweenthe viewing ray and the
normal to the watersurfaceis lessthan the critical angle,
theintensityI Q is expressedby thefollowing equation.

I Q = T(� i ; � t )( I sun (� )� (� i ; � t ) + I sk y (� i )) ; (3)

whereT(� i ; � t ) is Fresneltransmittancefrom an angleof
� i to � t and� (� i ; � t ) is the function which hasthe value1
whenthedirectionof the refractedlight is coincidentwith
thedirectionof Pv Q, andis 0 whenit is not.

If the anglebetweenthe viewing ray andthe normalof
thewatersurfaceis greaterthanthecritical angle,theinci-
dentlight is the re�ected light at a point on the watersur-
face. We considerthe light asan ambientlight. Thenwe
multiply the ambientlight andthe attenuationratio dueto
waterparticlesbetweenP2Pv andaccumulateby integra-
tion of thescatteredlight betweenP2Pv .

The intensitiesof shaftsof light are calculatedby the
integration term of Eq. (2). Let us denotethe integration
termasI shaf t for simplicity. To calculateI shaf t , we make
useof theideaof illumination volumes[11].

illumination volume

sub-volume

water surface

Figure 2. Illumination volume and sub­
volumes.

As shown in Fig. 2, the water surface is subdivided
into triangulatedmeshes.Thentherefractedvectorat each
meshpoint is calculated.The volumewhich is de�ned by
sweepingthe refractedvectorat eachpoint of the meshis
calledtheillumination volume(seeFig. 2). In theprevious
method[11], illumination volumeswere sliced with each
scanplaneand the intersectionareabetweenan illumina-
tion volumeandthe scanplanewasde�ned asthe caustic
triangle. Theintegrationof scatteredlight equalsto thesum
of theintensitiesof caustictriangleswhich theviewing ray
intersects.The secondterm of Eq. (2), I shaf t , is approxi-
matedby thefollowing equation.
Z L

0
I P (� )exp(� c(� )l )dl =

X

i

I pi di exp(� c(� )l i ); (4)

whereI pi is theaverageintensityof thei th caustictriangle,
di theintersectedlengthof i th triangleandtheviewing ray,
l i the distancebetweeni th caustictriangle and the view-
point. ThescatteredintensityI P (� ) atpointP is calculated
by thefollowing equation.

I P (� ) = (I i T(� i ; � t )Fp � (�; � )exp(� c(� )ls) + I a )�; (5)

whereI i is theintensityof incidentlight ontothewatersur-
face,T thetransmittanceatpointP3 in Fig. 1, � i and� t are



theincidentandtransmittedangles,respectively. � (�; � ) is
the phasefunction, � the density, I a the ambientlight and
Fp is the �ux ratio betweenthe intensity just beneaththe
watersurfaceandat point on the caustictrianglesincethe
energy of light in acaustictriangleis inverselyproportional
to its area.

Nishitaet al. calculateI shaf t on a scanline basis.That
is, I shaf t was calculatedby slicing the illumination vol-
umeswith eachscanplaneandsummingthe intensitiesof
caustictriangles. A largenumberof illumination volumes
are requiredto createrealistic images. Therefore,their
methodis computationallyvery expensive. In the follow-
ing subsections,our methodto acceleratethe computation
of I shaf t by usinggraphicshardwareis described.

4.2 Proposedmethod for shaftsof light

The basicideato rendershaftsof light is to displaythe
shadedfront facesof theilluminationvolume.Theintensity
of the illumination volumeis calculatedby integratingthe
scatteredlight alongthe intersectionsegmentof the view-
ing ray with the illumination volume. However, the inter-
sectiontest for eachpixel requiresa greatdealof compu-
tationalcost. So,asshown in Fig. 2, we subdivide eachil-
luminationvolumeinto severalvolumes(we call thesevol-
umessub-volumes). Sincethe intensityof sunlight,that is
refractedat the watersurface,is exponentiallyattenuated,
theillumination volumesaresubdividedsothattheintensi-
tiesof scatteredlight alongthesub-volumescanbeapprox-
imatedlinearly. This makesit possibleto displaythe illu-
minationvolumesby usingthe Gouraudshadingfunction.
Thesub-volumeis furthersubdivided into threetetrahedra
to integrateintensitiesof scatteredlight alongthe viewing
ray within thesub-volume.We rendertheshaftsof light by
drawing thesetetrahedra.We canreducethecomputational
time by the approximatecalculationof the tetrahedronin-
tensitiesasfollows.

As shown in Fig.3, let usconsiderthesub-volumewhich
consistsof six pointsPi (i = 1; :::; 6). Herewe focuson the
tetrahedronconsistingof four pointsP1; P2; P3 andP4. Ge-
ometrically, thetetrahedraprojectedontothescreencanbe
classi�ed into two cases(seeFigs.4 and5). Let P0

1; P0
2; P0

3
andP0

4 be the projectedverticesof P1; P2; P3 andP4, re-
spectively. In caseI the point P0

1 is inside the triangle
4 P 0

2P0
3P0

4 andin caseII the point P0
1 is outsidethe trian-

gle.
In this section,we explain �rst the ideabehindthepro-

posedmethodfor caseI. CaseII is describedlater. In the
proposedmethod,shaftsof light are renderedby display-
ing threetriangles4 P 0

1P0
2P0

3, 4 P 0
1P0

2P0
4 and4 P 0

1P0
3P0

4 and
accumulatingtheir intensitiesinto the frame buffer. The
intensitiesof pixels insidethesetrianglesshouldbe calcu-
latedby integratingthe intensitiesof light scatteredon the

P1

P2 P3

P4

P5

P6

P1

P2 P3

P4

P2 P3

P4
P5

P3

P4

P5
P6

Figure 3. Subdivide sub­v olume into three
tetrahedra.

intersectionsegmentsof the viewing ray with the tetrahe-
dron. However, the intersectiontest for all pixels is very
time consuming.Thereforewe assumethat the intensities
of neighboringpixels arealmostthe same. This assump-
tion is convincing if the illumination volumeis suf�ciently
subdividedinto smallsub-volumes.Then,we calculatethe
intensitiesof four vertices,P0

1; P0
2; P0

3 andP0
4 only andthe

intensitiesof pixels insidethe trianglesareinterpolatedby
usingGouraudshadingfunctionhardware. The intensities
of theseverticesarecalculatedasfollows.

In caseI, thelengthof theintersectionsegmentbetween
theviewing ray andthetetrahedronis thelongestwhenthe
viewing ray passespoint P1 (seeFig. 4). We calculateI C

which is the integratedof thescatteredlight arriving at the
viewpoint for this longestcase.Ontheotherhand,sincethe
intersectionsegmentbetweenthetetrahedronandtheview-
ing raysfor P0

2, P0
3 andP0

4 is equalto 0, integrationof the
scatteredlight alsogives0. Therefore,we setthe intensity
of thevertex P0

1 to I C describedbefore,andthe intensities
of theotherverticesaresetto 0. This methodproducesvi-
suallyconvincing resultsif the illumination volumeis sub-
dividedinto smallsub-volumes.

In caseII, as shown in Fig. 5, let point P0
7 be the in-

tersectionpoint betweensegmentsP0
1P0

4 and P0
2P0

3. The
lengthof theintersectionsegmentis longestwhentheview-
ing ray passespoint P0

7. So, we calculatethe integrated
valueI C alongthat segment. The intensityof point P0

7 is
set to I C and the intensitiesof otherverticesareset to 0.
Thenthesefour triangles4 P 0

7P0
1P0

2, 4 P 0
7P0

1P0
3, 4 P 0

7P0
2P0

4
and4 P 0

7P0
3P0

4 aredisplayed.
In this way, we canreducethecomputationaltime since

our methoddoesnot requirethe intersectiontestbetween
theviewing rays(or scanplanes)andthe illumination vol-
umesusedin the previous methods[11, 22]. Moreover,
sinceour methodrendersshaftsof light by displayingtri-
angles,wecanmakeuseof graphicshardwareto accelerate
thecomputation.

Theoutlineof theprocessfor renderingshaftsof light is
asfollows.



1. Initialize theframebuffer.

2. Repeatthefollowingprocessfor eachilluminationvol-
ume.

(a) Subdivide the illumination volume into sub-
volumes.

(b) Repeat the following process for each sub-
volume.

i. Subdivide eachsub-volumeinto threetetra-
hedra.

ii. Projecteachtetrahedronontothescreen.
iii. Classifythetetrahedroninto two cases.
iv. Calculatetheintensitiesof theverticesof the

triangles.
v. Displaythetrianglesandaccumulatethein-

tensitiesin theframebuffer.

Theclassi�cationof thetetrahedronis performedby in-
vestigatingthe geometricrelation betweenthe projected
verticesof thetetrahedron.In thenext section,we describe
thecalculationof I C .

4.2.1 Intensity calculation of tetrahedra of sub-volume

The value of the integration, I C , describedabove is cal-
culated as follows. First, we calculatethe intersection
pointsbetweenthetetrahedronandtheviewing ray passing
throughP0

1 (caseI) or P0
7 (caseII). Therearetwo intersec-

tion points.Let thesetwo intersectionpointsbePa andPb,
respectively. Let usdenotethe intensitiesat pointsPa and
Pb asI a andI b, respectively. In general,the lengthof the
segmentPaPb is very short, so we assumethat the inten-
sity in this segmentPaPb varieslinearly. Then,I C canbe
expressedby thefollowing equation.

I C =
Z T

0

I b � I a

T
t + I adt =

I a + I b

2
T; (6)

whereT is the distancebetweenPaPb and t the distance
betweenPa andapointonthesegmentPaPb. I a andI b can
becalculatedby interpolatingtheintensitiesof thevertices
of the sub-volume. We explain the calculationmethodfor
I a andI b in the following sections.First, we describethe
calculationof theintensityateachsub-volumevertex. Then
we presentthe calculationof the intensitiesI a and I b for
caseI andcaseII, respectively.

4.2.2 Intensity calculation of sub-volume

Let's considera sub-volumeshown in Fig. 3. First we cal-
culatethe scatteredintensity I s

P i
at sub-volume vertex Pi

(i = 1; :::; 3) by Eq. (5). The �ux ratio in Eq. (5) is cal-
culatedby Fp = Su =Ss, whereSs is the areaof triangle

P'2

P'1

P'3

P'4
(a) (b)

Pv

P1

P2 P3

P4

Pb

Figure 4. Geometric relation of tetrahedr on in
case I.

4 P1P2P3 (seeFig. 3) andSu is thecorrespondingareaof
the illumination volumeat the watersurface. Then inten-
sity I P i at point Pi of the sub-volumeis computedby the
following equation.

I P i (� ) = I s
P i

(� )exp(� c(� )l i ); (7)

wherel i is thedistancebetweenPi andtheviewpoint. The
intensitiesof P4; P5 andP6 canbe calculatedin the same
way.

4.2.3 Intensity calculation in caseI

First, the two intersectionpoints,Pa andPb, betweenthe
viewing rayandthetetrahedronarecalculated.In caseI, Pa

is equalto P1. Pb is obtainedby calculatingtheintersection
of the ray with the triangle 4 P2P3P4 (seeFig. 4). The
intensity, I a , of point Pa is givenby Eq. (7). Theintensity,
I b, of point Pb is calculatedby interpolatingthe intensities
of verticesP2, P3 andP4. Theintensitiesof thesevertices
arealsogivenby Eq.(7).

4.2.4 Intensity calculation in caseII

In caseII, the two intersectionpoints,Pa andPb, between
the viewing ray and the tetrahedronarecalculatedas fol-
lows. Clearly, Pa is on segmentP1P4 andPb on P2P3 (see
Fig. 5). Therefore,Pa is obtainedby calculatingthe inter-
sectionpoint betweentheray andthesegmentP1P4. Sim-
ilarly, Pb is obtainedby P2P3. Then, the intensity, I a , of
point Pa is obtainedby interpolatingthe intensitiesof ver-
ticesP1 andP4. The intensity, I b, of point Pb is obtained
from theintensitiesof verticesP2 andP3.

5 Displaying Caustics

5.1 Intensity calculation for caustics

To rendercaustics,wemakeuseof illuminationvolumes
again. Causticspatternson objectsaredisplayedby draw-
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Figure 5. Geometric relation of tetrahedra in
case II.

ing intersectiontriangles(caustictriangles)betweenillumi-
nationvolumesandtheobjects.Theintensityateachvertex
of the caustictriangle, I P i , is calculatedby the following
equation.

I P i = I i T(� ii ; � ti ) exp(� c(� )( l i + lv ))FpK obj cos
 ; (8)

whereI i is the intensityof the incidentlight, T (� ii ; � ti ) is
thetransmittanceat point P s

i (seeFig. 6) on thewatersur-
facewhichcorrespondsto Pi , l i is thedistancebetweenP s

i
andPi (seeFig. 6), Fp is the �ux ratio which canbe cal-
culatedby the ratio of the areaof the caustictriangle to
thecorrespondingareaof thewatersurface,K obj is there-
�ectance of the object, 
 is the anglebetweenthe object
normalandthe incidentray, andlv is thedistancebetween
Pi andtheviewpoint.

In the next section,we proposetwo methodsfor ren-
deringcaustics:causticson planesandcausticson objects.
Bothmethodscanbeacceleratedby graphicshardware.

viewpoint

water surface

object
Pi

Ps
i

lv

l i

I i

qii

qti

object
normal

g

Figure 6. Intensity calculation of caustics on
object.

5.2 Causticson �at planes

Let's considerthat the bottom of the water is �at as
shown in Fig. 7. Causticscanbedisplayedby thefollowing
steps.

1. Calculatethe intersectionpoints P1; P2 and P3 be-
tweeneachilluminationvolumeandtheplane.

2. Calculatetheintensityof eachintersectiontriangleby
Eq.(8).

3. Draw theintersectiontriangle4 P1P2P3 andaccumu-
late its intensity into the framebuffer by usinghard-
warecolorblendingfunctions.

water surface

illumination volume

bottom of water

P3

P1

P2

Figure 7. Caustics on �at plane .

5.3 Causticson objects

Themethodfor causticson objectsis not soeasyasthat
for causticson a plane. In this case,we have to investi-
gatewhich illuminationvolumeintersectstheobject.In the
previousmethod[11], thecaustictrianglebetweentheillu-
minationvolumeandthescanplaneis calculated�rst. Then
thecalculationpointontheobjectis checkedto seewhether
thepoint is locatedwithin thecaustictriangleor not. If the
calculationpoint is within the triangle,the intensityof the
calculationpoint is obtainedby Eq.(8). To detectthepoints
includedin thecaustictriangle,thedepthof the triangleis
comparedwith thedepthof theobjects.

In the proposedmethod,the intersectiontestis acceler-
atedby using the graphicshardware Z-buffer and stencil
buffer.

5.3.1 Renderingcausticsby using sub-volumes

First,wemakesub-volumesby slicing theilluminationvol-
umeswith n scanplanesat a certaininterval, � s. We call
thesescanplanessampleplanes. That is, sampleplane i
(i = 1; :::; n) correspondsto scanlinei � s. Fig. 8(a)shows
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Figure 8. Rendering caustics by using sub­v olumes.

thegeometricrelationbetweenthesub-volumeandtheob-
ject. To explain theproposedideaclearly, weshow theren-
deringprocesson a scanplane(seeFigs.8(b), (c) and(d)).
Thedrawing processof causticsis asfollows.

1. Initialize theframebuffer andstorethez valuesof ob-
jectsin theZ-buffer (seeFig. 8(b)).

2. Draw the back facesof the sub-volumeviewed from
theviewpoint (seeFig. 8(c)). Wedonotdraw thefaces
of the sub-volumein the framebuffer. We write 1 in
thestencilbuffer wherethez valuesof thesub-volume
arelarger thanthevaluesof Z-buffer. In this step,we
donot updatetheZ-buffer.

3. Draw thefront facesof thesub-volume(seeFig. 8(d)).
We accumulatethe intensityin the framebuffer if the
value of the stencil buffer equals1 and the z values
of the sub-volume aresmallerthan the valuesof the
Z-buffer. In this step,we do not updatethe Z-buffer
either.

Step3 of the above procedureis asfollows. First, we cal-
culatethe intensitiesof thetwo caustictriangleswhich are
theintersectionareasbetweentheillumination volumeand
sampleplanesi andi + 1 (seeFig. 8(a)). Next, we inter-
polatethesetwo intensitiesby usingthe Gouraudshading

functionwhichcanbeacceleratedby graphicshardware.In
thisstep,weresetthestencilbuffer to 0 whenwedraw front
facesin orderto returnthestencilbuffer to theinitial state.

The above processcreatesan imageof causticson the
objects.Thevalueof eachpixel representsthe intensityof
incident light on the objects. We call this imagea caus-
tic image. The �nal imageis createdby multiplying the
pixel valueby the surfacere�ectanceand the cosineterm
(K obj cos
 in Eq. (8)). To take into accountthis approxi-
mately, wecalculatetherefractedsunlightby assumingthat
the water surfaceis horizontal. The refractedsunlight is
consideredasa parallellight source.Then,animageof ob-
jectsilluminatedby this parallelsourceis createdby using
graphicshardware.

The �nal imageis obtainedby multiplying this image
andthe causticimage. The multiplication of theseimages
is doneby usinggraphicshardware.

6 Shadows within Water

In thissection,weproposea methodfor renderingshad-
ows due to objectswithin water. Thereare two typesof
shadows: shadows on the objectssuchas the ocean�oor
andshadows of shaftsof light. In theproposedmethod,we
displayboth of two typesof shadows by the shadow map



method[15].

First,we assumethatthewatersurfaceis �at. We calcu-
latetherefractionvectorof sunlight.Secondlywe generate
a texturewhich is a depthimagefrom the light's point-of-
view (i.e. adepthimageviewedfrom thelight source).The
directionof thelight is thatof therefractedsunlight.Thirdly
werenderascenefrom theeye'spoint-of-view andstorethe
depthvaluesasa texture.Finally, wecomparethevaluesof
the two texturesanddeterminewhetherthe corresponding
pixel is shadowedor not.

Applying the shadow mapto displayingshaftsof light
andcausticscanrendershadowsonobjectsandonshaftsof
light. Theshadow mapmethodcanbeacceleratedby graph-
icshardware.However, theshadow mapmethodhasseveral
disadvantages.The precisionof the depthvaluestoredin
the shadow map is only 8-bit on a standardPC. It is not
enoughto rendercomplex scenes. So we have adopted
a 16-bit precisionshadow map methodby using a multi-
digit comparison[12]. Althoughthismethodworksonly on
somegraphicshardware,wearesurethatthisextensionwill
in futurebesupportedby muchmoregraphicshardwares.

7 Examples

Fig. 9 shows simpleexamplesof a teapotwithin water.
Figs.9(a) and(b) show the teapotwithout andwith shad-
ows,respectively. Comparedwith Fig. 9(a),theshadowson
thebottomof thewateraddreality in Fig. 9(b). Fig. 10 (see
color plate)shows several examplesof underwateroptical
effects.Asshown in Fig.10(a),shaftsof light areobstructed
by theteapotandshadowsonthebottomof thewatercanbe
seen.Fig. 10(b)showscausticsonasubmarine.This image
indicatesthatour methodcancalculatecausticson objects
with complex shapes.Figs.10(c) and(d) areexamplesof
a dolphin. Fig. 10(d) shows the dolphin viewed from the
bottomof the water. Figs.10(e)and(f) arestills from the
animationof two dolphins.

We createdtheseimageson a desktopPC (PentiumIII
1GHz)with Geforce2ULTRA. Theimagesizesof these�g-
uresareall the same,640x480. The meshsizeof the wa-
ter surfaceis alsoall the same,512x512. The numberof
illumination volumesis about18,000.Thenumberof sub-
volumesof one illumination volumeis 20. The computa-
tional time for each�gure is shown in Table1. The com-
putationaltime of Fig. 9(a) using software is 64 seconds.
That is, the methodusinghardwareis 22 timesfasterthan
the methodusingsoftware. The motion of the dolphinsin
theanimationis calculatedby Free-FormDeformation[16].
Theseexamplesdemonstratethat theproposedmethodcan
createrealisticunderwaterimagesef�ciently .

Table 1. Computation times
FigureNo. Time[sec](usinghardware)
Fig. 9(a) 2.92
Fig. 9(b) 4.07
Fig. 10(a) 4.45
Fig. 10(b) 5.81
Fig. 10(c) 4.34
Fig. 10(d) 4.55
Fig. 10(e) 5.10
Fig. 10(f) 5.37

8 Conclusion

In this paper, we have proposeda methodfor rendering
optical effects within water suchas shaftsof light, caus-
tics on objectsandshadows dueto objects. The proposed
methodutilizesgraphicshardwarethathasrecentlybecome
highly ef�cient. We adoptedOpenGLasa graphicslibrary.
Theadvantagesof theproposedmethodareasfollows.

1. Shaftsof light are ef�ciently displayedby rendering
illumination volumeswhich aresubdivided into sub-
volumes. Sub-volumesarefurther divided into tetra-
hedra.Then,theshaftsof light aredisplayedby draw-
ing thevisible trianglesof thetetrahedraandaccumu-
lating their intensities.This processis acceleratedby
hardwarecolorblendingfunctions.

2. Ourmethodcandisplaycausticsnotonly on�at planes
but alsoon any object. To rendercausticson objects,
theintersectiontestbetweenilluminationvolumesand
the object is required. We detectthe intersectionre-
gionsby usinga Z-buffer anda stencilbuffer.

3. Shadowsdueto objectswithin waterarealsotakeninto
consideration.Therearetwo typesof shadows: shad-
ows on theobjectsandshadows dueto shaftsof light.
We displaybothtypesof shadow by usingtheshadow
maptechniquewhich canbe acceleratedby graphics
hardware.

In futurework, we will improve the following subjects.
First,wewantto acceleratetheproposedmethodin orderto
achieve real-timeanimations.Next, our shadowing method
still hasa roomfor improvement.Sincewe assumethatthe
watersurfaceis �at whencalculatingshadows, thebound-
ariesof theshadows aresharp.Objectswithin water, how-
ever, areilluminatedfrom variousdirections,sothebound-
ariesof the shadows are not always sharp. Thereforewe
planto rendersoft shadows.



(a) teapotwithoutshadows (b) teapotwith shadows

Figure 9. Examples of a teapot within water .
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(a) teapot (b) submarine

(c) dolphin(1) (d) dolphin(2)

(e) two dolphins(1) (f) two dolphins(2)

Figure 10. Examples of underwater scene .


