Method of Displaying Optical Effects within Water using Accumulation Buffer Tomoyuki Nishita Fukuyama University Higashimuracho Fukuyama 72902 Japan nis∂eml▷hiroshimau▷ac▷jp

Eihachiro Nakamae Hiroshima Prefectural University Nanatsukacho Shoubara City 727 Japan 600234∂sinet▷ad▷jp

Abstract A precise shading model is required to display realistic images▷ Recently research on global illumination has been widespread▷ In global illumination problems of diffuse reβection have been solved fairly well but some optical problems after specular reβection and refraction still remain▷ Some natural phenomena stand out in re βected◁refracted light from the wave surface of water▷ Refracted light from water surface converges and diverges and creates shafts of light due to scattered light from particles▷ The color of the water is inβuenced by scattering◁absorption effects of water molecules and suspensions▷ For these effects the intensity and direction of incident light to particles plays an important role and it is difαcult to calculate them in conventional raytracing because light refracts when passing through waves▷ Therefore the preprocessing tracing from light sources is necessary▷ The method proposed here can effectively calculate optical effects shafts of light caustics and color of the water without such preprocessing by using a scanline Zbuffer and accumulation buffer▷ CR Categories and Subject Descriptors. I▷3▷3 ♭Computer Graphics♯. Picture◁Image Generation I▷3▷7 ♭Computer Graphics♯. ThreeDimensional Graphics and Realism Key Words. Shaft of light Caustic Color of Water accumulation buffer Optical Length Photorealism

1 INTRODUCTION Image synthesis of natural phenomena is one of the most popular αeld these days, displays of mountains trees the earth waves the atmosphere have been attempted▷ This paper is concerned with optical effects within water. the proposed method calculates and displays shafts of light caustics due to refracted light passing through waves and the color of water▷ Creatures in water and illumination effects onto them are spec tacular, Such images are often used in commercials these days though they are not physicallybased images▷ In the discussion of optical effects under water the following three factors must be carefully taken into account, shafts of light and caustics due to refracted light from waves and the color of water due to scattering◁absorption of particles▷ Concerning caustics due to waves Shinya ♭21♯ precalculated illumination distribution on surfaces by using gridpencil tracing▷ Watt ♭22♯ developed backward beam tracing▷ These methods are

2 pass solutions and require storage memory for an illumination map or caustic polygons▷ The backward beam tracing method is the improved version of the beam tracing method ♭6♯ which can handle reβection◁refraction light for polygonal objects▷ Therefore the method can only handle polygons▷ Heckbert ♭7♯ has developed a method which can calculate caustics due to refracted light from transparent objects such as lenses, the illumination distribution on surfaces is stored as textures▷ Chen ♭3♯ calculates an illumination map by using the multipass method▷ But these methods using maps have difαculties in resolution and aliasing ↼artifact↽▷ Mitchell ♭13♯ calculated caustics from curved reβectors ↼limited to implicit sur faces↽ by using the numerical methods▷ However none of these methods have discussed shafts of light▷ Concerning shafts of lightBlinn ♭1♯ Max ♭12♯ Nishita ♭16♯ and Klassen ♭11♯ have all developed methods for atmospheric scattering▷ Watt ♭22♯ as mentioned above realized the display of shafts of light underwater by using Nishitaφs method ♭16♯ based on raytracing▷ Concerning the display of a water surface Max ♭12♯ Fournier ♭4♯ and Tsφo ♭20♯ have all made an attempt but they didnφt take into account scattering effects due to particles in the water instead dis cussing shapes of waves▷ The authors have developed calculation methods for the color of water surface such as ponds ♭9♯ and the color of the sea as viewed from outer space ♭18♯▷ None of them have discussed the color when viewed from a point within the water▷ For displaying creatures in the water freeform surfaces are in dispensable and the display of caustics on such curved surfaces is desired▷ The method proposed here can handle freeform surfaces and is a combined method of scanline based Zbuffer shadow vol ume and Abuffer ♭5♯, the method can calculate shafts of light and caustics without the raytracing methods used in previous meth ods▷ In our method as a side effect of calculation of shaft of light caustics on objects can be obtained, in previous work the shafts of light were calculated by the integration of scattered light on a viewing ray at each pixel whereas in this method the intensity at every pixel on each scanline is obtained by scanning the intensities passing through the scan plane by the following reasoning▷ The particle density ↼mainly water molecules↽ in the water is assumed as uniform so the intensity due to scattered light can be obtained as an analytical function of distance between the particles and the viewpoint▷ In this paper to represent curved surfaces the improved method ♭19♯ of metaball ♭14♯ ↼or referred as blobs ♭2♯↽ is used▷ 2 PROPOSED MODEL The main purpose in the proposed model is to display the following optical effects, ↼a↽ shafts of light due to the convergence◁diversion depending on wave shape and ↼b↽ caustics on curved surfaces▷ This model takes into account scattering◁absorption due to particles ↼wa ter molecules and suspensions↽ in the water and assumes uniform intensity distribution within visible regions and ignore multiple scattering▷ For light sources direct sunlight and skylight outdoor and point light sources and ambient light indoor are taken into ac

Figure 1. The optical paths arriving at the viewpoint▷

count even though only the former is discussed in this paper▷ As our topic is optical effects within water shadows caused by objects above water surfaces are ignored▷ 2▷1 Opticalpath model As shown in Fig▷1 when oneφs viewpoint is located within the water we can categorize the optical paths arriving at the viewpoint into the following three▷ ↼a↽ Viewing ray intersecting with objects. The refracted light after passing through the water surface is reβected by an object ↼point Q in Fig▷1↽ and arrive at the viewpoint▷ The light is scattered and attenuated by particles ↼e▷g▷ P in Fig▷1↽ on its way▷ ↼b↽ Viewing ray intersecting with water surface. The refracted light after passing through the water surface incoming light ↼direct sunlight and skylight↽ arrives at the viewpoint directly▷ The optical paths are classiαed into the following depending on the angle between the normal of the wave surface and the viewing ray▷ ↼b▷1↽ the angle is less than critical angle ↼P1 in Fig▷1↽. the component of refracted light in the incident light at a point on the water surface arrive at the viewpoint▷ ↼b▷2↽ the angle is larger than critical angle ↼P2 in Fig▷1↽. the light which perfectly reβects at a point on the water surface arrives at the viewpoint▷ ↼c↽ Viewing ray having no intersection ↼L∞ ⟩\ F⟩}↙∞⇒¬ A∫ ⊔⟨⌉ ⊑⟩⌉⊒√≀⟩\⊔ ⟩∫ ↕≀⌋⊣⊔⌉⌈ ⊒⟩⊔⟨⟩\ ⊔⟨⌉ ⊒⊣⊔⌉∇⇔ ⊔⟨⌉ ∇⊣† ⊓∫⊓⊣↕↕† ⟩\⊔⌉∇↖ ∫⌉⌋⊔∫ ⊒⟩⊔⟨ ∫≀⇕⌉⊔⟨⟩\} ∫⊓⌋⟨ ⊣∫ ⊔⟨⌉ ⌊≀⊔⊔≀⇕ ≀{ ⊒⊣⊔⌉∇↙ S⊔∇⟩⌋⊔↕†⇔ ⊔⟨⌉ ↕⟩}⟨⊔ √⊣⊔⟨ ⌊⌉↕≀\}∫ ⊔≀ ⌉⟩⊔⟨⌉∇ ⌋⊣∫⌉ ⇐⊣⇒ ≀∇ ⇐⌊⇒↙ A∫ ⊔⟨⌉ ⌉§⊔⟩\⌋⊔⟩≀\ ⌋≀⌉{⊘⌋⟩⌉\⊔∫ ≀{ √⊣∇⊔⟩⌋↕⌉∫ ⟩\ ⊒⊣⊔⌉∇ ⟩∫ ⟨⟩}⟨ ⟩\ }⌉\⌉∇⊣↕ ∪∀⊎⇔ ⊔⟨⌉ ↕⟩}⟨⊔ {∇≀⇕ ⌈⟩∫⊔⊣\⊔ ⟩\⊔⌉∇∫⌉⌋⊔⟩≀\ √≀⟩\⊔∫ ⌋⊣\ ⌊⌉ ⟩}\≀∇⌉⌈↙

∈↙∈ B⊣∫⟩⌋ ⟩⌈⌉⊣∫ C≀\⌋⌉∇\⟩\} ↕⟩}⟨⊔ ∇⌉{∇⊣⌋⊔⌉⌈ ⊣{⊔⌉∇ √⊣∫∫⟩\} ⊔⟨∇≀⊓}⟨ ⊒⊣⊑⌉∫⇔ ⊔⟨⌉ {≀↕↕≀⊒↖ ⟩\} ⌋≀\⌈⟩⊔⟩≀\∫ ∫⟨≀⊓↕⌈ ⌊⌉ ⌋≀\∫⟩⌈⌉∇⌉⌈↙ ⇐⟩⇒ T⟨⌉ ⟩\⊔⌉\∫⟩⊔† ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\ ≀{ ⊔⟨⌉ ↕⟩}⟨⊔ ⟩\ ∫√⊣⌋⌉ ⟩∫ \≀⊔ ⊓\⟩{≀∇⇕ ⌊⌉⌋⊣⊓∫⌉ ∇⌉{∇⊣⌋⊔⌉⌈ ↕⟩}⟨⊔ ⌋≀\↖ ⊑⌉∇}⌉∫ ⊣\⌈∝≀∇ ⌈⟩⊑⌉∇}⌉∫↙ ⇐⟩⟩⇒ T⟨⌉ ⟩\⊔⌉\∫⟩⊔† ≀{ ∇⌉⊙⌉⌋⊔⌉⌈ ↕⟩}⟨⊔ {∇≀⇕ ≀⌊|⌉⌋⊔∫ ⌋≀\∫⟩∫⊔⟩\} ≀{ ⊔⊒≀ ⌋≀⇕√≀\⌉\⊔⇔ ⌈⟩{{⊓∫⌉ ⊣\⌈ ∫√⌉⌋⊓↕⊣∇ ∇⌉⊙⌉⌋↖ ⊔⟩≀\⇔ ⌈⌉√⌉\⌈∫ ≀\ ⊔⟨⌉ ⟩\⌋⟩⌈⌉\⊔ ⌈⟩∇⌉⌋⊔⟩≀\ ≀{ ↕⟩}⟨⊔↙ ⇐⟩⟩⟩⇒ T⟨⌉ ⟩\⊔⌉\∫⟩⊔† ≀{ ∫⌋⊣⊔⊔⌉∇⌉⌈ ↕⟩}⟨⊔ {∇≀⇕ √⊣∇⊔⟩⌋↕⌉∫ ∫⊔∇≀\}↕† ⌈⌉√⌉\⌈∫ ≀\ ⊔⟨⌉ √⟨⊣∫⌉ ⊣\↖

F⟩}⊓∇⌉ ∈¬ G⌉≀⇕⌉⊔∇† ≀{ ⟩↕↕⊓⇕⟩\⊣⊔⟩≀\ ⊑≀↕⊓⇕⌉∫ ⊣\⌈ ⌋⊣⊓∫⊔⟩⌋ ⊔∇⟩⊣\}↕⌉∫ ≀\ ⊣ ∫⌋⊣\ √↕⊣\⌉↙

}↕⌉ ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉ ⟩\⌋⟩⌈⌉\⊔ ⌈⟩∇⌉⌋⊔⟩≀\ ⊣\⌈ ⊔⟨⌉ ∫⌋⊣⊔⊔⌉∇⟩\} ⌈⟩∇⌉⌋⊔⟩≀\∅ ⊔⟨⟩∫ ⌉{{⌉⌋⊔ ⟩∫ ⌋⊣↕↕⌉⌈ √⟨⊣∫⌉ {⊓\⌋⊔⟩≀\↙ I⊔ ⟩∫ ⊑⌉∇† ⌈⟩{⊘⌋⊓↕⊔ ⊔≀ ‖\≀⊒ ⊔⟨⌉ √⊣⊔⟨ ≀{ ↕⟩}⟨⊔ ⊣∇∇⟩⊑⟩\} ⊣⊔ ⊣\ ≀⌊|⌉⌋⊔ ⇐Q in Fig▷1↽ and a particle ↼P in Fig▷1↽ and the intensity distribution due to caustic effect because of refraction▷ To solve this problem previous methods ↼e▷g▷ ♭22♯↽ employ an illumination map whereas our method does not need such a map as is described below▷ Letφs consider subdivided triangle elements from a lattice after meshing a water surface ↼see Fig▷2↽▷ The refraction vectors are calculated at every lattice point and swept and a swept volume of a triangle along the refracted vectors is called the illumination volume▷ For visualization of transparent objects with nonuniform den sity such as clouds smoke or haze numerical integration of the densities on the ray is required▷ However this is unnecessary as the density of particles in water is uniform▷ In the proposed model for the calculation of the intensity distribution of light in a uni form density medium that is in water an analytical function can be used▷ Our method can be applied not only to water but also to an atmosphere with uniform density▷ The calculation of shafts of light and caustics is equivalent to calculating the intensity distribution of βux of light in space▷ It is difαcult that the space to be calculated is limited to the visible regions within the αeld of view which is αlled with water▷ To obtain this space the Zbuffer method can be used▷ The visible space within the water at each pixel can be obtained as the front part of the depth of the objects stored in the Zbuffer▷ That is the invisible regions on a scan plane ↼e▷g▷ the dotted region in Fig▷2↽ can be discarded▷ The intensity of light is inversely propotional to the intersection area between scan plane and illumination volume▷ Then the inten sities of scattered light due to particles can be obtained by applying scan conversion on the illumination volumes▷ That is after calcu lation of intensity distribution on a scan line these intensities are stored in an accumulation buffer▷ In this paper metaballs are employed for displaying curved sur faces▷ In the method used here the intersection test between the viewing ray and isopotential surface can be done through ray tracing in which it is effectively executed because the density function on the ray is represented by degree six Bχezier curves▷ The intersection test is performed by Bχezier clipping ♭17♯▷ 2▷3 Optical model In water the light arriving at the viewpoint has two components, the light arriving at the viewpoint directly from light refracted after passing through waves and the indirect light arriving from light reβected from objects and from scattered light from particles▷ For the latter the calculation is done by taking into account light dis tribution within water▷ The following conditions also need to be taken into account▷ ↼a↽ Even though the distribution of light within water is determined by the incident light direct sunlight and skylight over the water onto wave surfaces the shaft of light can be regarded as being generated only by strong direct sunlight, i▷e▷ skylight can be neglected▷ In our model the illumination volumes caused by refracted light consist of only direct sunlight▷ ↼b↽ The scattered light from outside of the viewing αeld canφt arrive at the viewpoint because multiple scattering due to particles is ignored▷ Light from distant points canφt arrive at the viewpoint because the extinction coefαcient of particles within the water is large▷ Deαning the maximum distance of light arriving as visible length the space to be calculated is αnite, the viewing pyramid with the height of the visible length▷ ↼c↽ The space to be calculated is completely αlled by illumination volumes▷ Deαning the triangle as a caustic triangle which is the intersected area between an illumination volume and a scan plane ↼see Fig▷2↽ every point on the scan plane is included in at least one caustic triangle because every edge of the illumination volume is shared by adjacent illumination volumes ↼there is no gap between the triangles↽▷ ↼d↽ The intensity of light in the caustic triangle is inversely propo tional to its area▷ Usually illumination volumes are very thin so their caustic triangles are very small, the intensity of scat tered light from particles in the caustic triangle is assumed as uniform▷ ↼e↽ The light arriving at the viewpoint is determined only by the distance between the caustic triangle and the viewpoint since the density of particles in water is uniform▷ That is the inten sity can be calculated by an analytical function ↼exponential function↽ of the distance▷ ↼f↽ It is difαcult to calculate intensity distribution within the water due to skylight as it incidents onto wave surface from various directions▷ This light after passing through wave surfaces is treated as an ambient light the intensity of which is deαned by the exponential function of its depth▷ 3 OUTLINE OF THE PROCEDURE First we prepare the following. The water surface is subdivided into an N × M mesh and illumination volumes the number of which is 2NM are generated by subdivision of the mesh▷ The refracting direction of incident light at each lattice point is calcu lated where the direction is inβuenced by the wave shapes▷ A 2 dimensional array is prepared to store these refracting directions▷ A Zbuffer to store depths on the scanline and an accumulation buffer to store intensities are prepared▷ The visible length is calculated by using the extinction coefαcient▷ The outline of the procedure is as follows. ↼1↽ Calculate the normal vector of the wave at each lattice point and store the refracting direction at each point▷ ↼2↽ Execute the following processes for each scanline which moves from top to bottom . ↼2▷1↽ After hidden surface removal store the depths of objects↼or water surface↽ in Zbuffer▷ ↼2▷2↽ Calculate the intersection points between the edges of illumination volumes and the scan plane▷

↼2▷3↽ Execute the following processesfor each caustic trian gle▷ Hence caustic triangles lying outside of the view pyramid and behind objects tested by the Zbuffer are discarded▷ ↼2▷3▷1↽ Calculate the maximum intensity of scattered light for the caustic triangle ↼2▷3▷2↽ Calculate the projected range of the triangle on the screen by means of perspective transformation cal culate the intensity at each pixel in the range by using linear interpolation and store them in the accumulation buffer▷ ↼3↽ Display every pixel color stored in the accumulation buffer▷ The method described above is superior to previous methods by virtue of the following. In the previous methods ↼e▷g▷ Watt ♭22♯ employed Nishitaφs method ♭16♯↽ raytracing is used for the cal culation of shafts of light in space▷ There are huge number of illumination volumes ↼e▷g▷ more than 100000 triangular prisms in our examples↽▷ This results in the number of intersection tests between rays and illumination volumes becoming huge because in tersection tests are required for each pixel on the screen and the intersection test for illumination volumes is included in the loop of the ray▷ The proposed method however is very effective because the calculation of intensity at every pixel is done in the loop of each illumination volume▷ 4 INTENSITY CALCULATION Letφs consider the light arriving from point Q on an object or a wave surface, the light is inβuenced by scattering◁absorption of particles along its ray▷ As the intensity within a caustic triangle is assumed as uniform intensity at each pixel in the projected range of the triangle can be calculated as follows. The intensity at each pixel is calculated by multiplying the intensity of the triangle and the intersection length between the ray and the triangle and is accumulated in the accumulation buffer▷ Letφs discuss the detail of the method▷ The scattered intensity from particles at point P on the ray is given by ↼see Fig▷1↽ IP (λ) = (IiT (θi, θt)Fpβ(ϕ, λ)exp(−c(λ)ls) + Ia)ρ, (1) where λ is the wavelength Ii the intensity of incident light onto the water surface ↼I i the irradiance of sunlight just above the water surface↽ T the transmittance of the incident light which obeys Fresnelφs law of reβection θi and θt the incident angle and the refracted angle respectively, these angles obey Snellφs law▷ β a volume scattering function ↼this is the function of angle ϕ between the incident direction and scattering direction. see Fig▷1 ↽ c(λ) the attenuation coefffcient of light which expresses the ratio of lost energy of light when the light travels a unit length, ρ the density and Ia ambient light ↼see 2▷3↼f↽↽▷ The color of the water is determined by c(λ) and β▷ ↼Data of β and c used in this paper is employed from ♭8♯▷↽ Fp is the βux ratio between the intensity at just beneath the water surface and at point P F p = Su/S′s which is equivalent to form factor in the radiosity method▷ S u and S ′s are areas of cross sections at water surface and at point P respectively▷ S ′s is determined by the area of the caustic triangle on the scan plane and cosine of angle δ ↼see Fig▷3↽▷ That is S^′_s = Sscosδ. (2) As the intensities of scattered light from every particle on the ray are attenuated, the intensity at the viewpoint, Iv is given by Iv(λ) = Iq(λ)exp(−c(λ)L) + ∫_L 0 Ipexp(−c(λ)l)dl, (3)

Figure 3: Intensity calculation and shadow test on a scan plane.

where Iq is the reβected intensity from the object ↼or refracted light from wave surface↽ I p the scattered light from particles and l the distance between P and the viewpoint L the distance between the object and the viewpoint▷ In the case of point Q being on the wave surface and θt is less than the critical angle↼48▷6 ∘⇒⇔ I p is given by Iq(λ) = T (θi, θt)(Isunδ(θi − θt) + Isky(θi)), (4) where Isun is the incident intensity δ(θ i − θt) the delta function (1 for θi = θt↽▷ I sky(θi) is the intensity of skylight in angle θi ↼see ♭15♯↽▷ In the case where the incident ray from the viewpoint is larger than the critical angle ↼see P 2in Fig▷1↽ the light from the underside of the water surface reβects perfectly that is the scattered light from particles on the reβecting line is reβected▷ As this reβected light is attenuated when it arrives at the viewpoint it is not necessary to calculate precisely▷ These intensities depend on each reβecting angle then these values are precalculated for several angles and are stored in a tablelookup▷ When the light does not intersect with any objects ↼or the water surface↽ any great distance away the visible length is set as L = ∞↙ T⟨⌉ ⊣⊔⊔⌉\⊓⊣⊔⟩≀\ ⌉{{⌉⌋⊔ ⟩\ ⊒⊣⊔⌉∇ ⟩∫ ↕⊣∇}⌉⇔ ⊔⟨⌉ ↕⟩}⟨⊔ {∇≀⇕ ⌈⟩∫⊔⊣\⊔ √≀∫⟩⊔⟩≀\ ⌈≀⌉∫\≃⊔ ⊣∇∇⟩⊑⌉ ⊣⊔ ⊔⟨⌉ ⊑⟩⌉⊒√≀⟩\⊔∅ ⊔⟨⟩∫ ⇕⌉⊣\∫ ⊔⟨⌉ ⟩\⊔⌉}∇⊣⊔⟩≀\ ∇⊣\}⌉⇐⟩\⊔⌉∇⊑⊣↕⇒ ⟩∫ ↕⟩⇕⟩⊔⌉⌈↙ F≀∇ ⊣ }⟩⊑⌉\ ⊔≀↕⌉∇⊣\⌋⌉ ϵ the integration range i▷e▷ visible length L∞⇔ ⌋⊣\ ⌊⌉ ⌈⌉⊘\⌉⌈ ⌊† ⊔⟨⌉ ∇⌉↕⊣⊔⟩≀\ ≀{ exp(−c(λ)L) < ϵ ↼ c(λ) for blue is used because it is small). Iq at this point is assumed as zero▷ The calculation method for reβected light from a point Q on an object is described in section 4▷2▷ 4▷1 Intensity calculation using caustic triangles The calculation for the intensity distribution of light in space is similar to that of shadow calculation using shadow volumes▷ In the method proposed here illumination volumes are prepared to calculate the intensity distribution of light▷ These are scan converted ↼i▷e▷ extracting intersected triangles on the scan plane↽ and the intensity distribution are calculated scanline by scanline▷ As every point on the ray is included in at least one caustic triangle the 2nd term of equation ↼3↽ I^′_v is rewritten as follows. I^′_v(λ) = K∑ i=0 (Ipidi + IqHi)exp(−c(λ)li), (5) where K is the number of caustic triangles on the visible range↼interval↽ of the ray Ipi the average intensity of each caustic triangle ↼per unit length↽ d i the intersected length with each triangle and the ray l i

Figure 4. Calculation of intensities due to a caustic triangle▷

the distance between each triangle and the viewpoint ↼see Fig▷4↽▷ Hi is binary function ↼0 or 1↽, 1 in the case when the triangle i intersect with objects ↼visible surface or water surface↽↼see 4▷2↽▷ Triangles whose depths are larger than the visible length are dis carded▷ Equation ↼5↽ gives Iv for one ray▷ By taking into account every triangle on the scan plane I v at every pixel on the scanline can be calculated▷ The shaft of light in space is obtained by applying this to every scanline▷ ↼1↽ Extraction of caustic triangles on the scan plane The coordinates of each caustic triangle on a scan plane can be calculated as follows ↼see Fig▷3↽. Letφs consider a lattice point Pu(xu, yu, zu) on a wave surface and unit vector of its refraction Lu(Lx, Ly, Lz) in an eye-point coordinates system. If the distance between the viewpoint and the screen is R y coordinate of the scan line is ys and x y z components of the normal vector N s are (0, 1, −rs), here rs =^ys_R ▷ The length l s between lattice point P u and the intersection point between the scan plane and the refracted ray is given by ls = yu − rszu Ly − rsLz , (6)

where the refracted ray intersects with the scan plane when the numerator is positive (Pu exists below the scan plane when it is negative↽▷ By using the obtained l s intersection point P can be calculated by using the equation P = lsLu+Pu. The denominator is propotional to the cosine of angle δ between the normal of the scan plane and the refracted vector ↼see Fig▷3↽ and cosδ is given by cosδ = (Ly − rsLz)as, as = (1 + r2_s)^{−∞/2}, (7) where as is constant for the same scan plane▷ Eqs▷ ↼6↽ and ↼7↽ are used effectively because cosδ and l s can be used in equations ↼2↽ and ↼1↽ respectively▷ ↼2↽ Calculation of scattered light within a caustic triangle The intensity of light in a caustic triangle can be calculated by using its area▷ If we calculate the areas of every caustic triangle on each scan plane it is time consuming▷ So we use the approximation method for calculation of the intensity of light at each pixel in which area calculation can be avoided▷ Letφs consider the αrst term in eq▷ ↼5↽▷ Fig▷4 ↼a↽ shows the top view of a scan plane in eyecoordinate systems▷ Letφs consider caustic triangle P 1(x1, z1), P2(x2, z2), P3(x3, z3) on the scan plane, where the area of the triangle is Ss and the vertices are sorted in order x 1 ≤ x3 ≤ x2▷ As shown in Fig▷4↼a↽ points P1 and P2 are moved parallel with the line PvP3 and P1P2 is perpendicular to PvP3, these moved points are denoted by P^′_∞⊣\⌈ P^′_∈↙ I\ ⊔⟨⟩∫

⌋⊣∫⌉⇔ ⊔⟨⌉ ⊣∇⌉⊣ ≀{ P 1P2P3equals that of P′∞P ′∈P3↼i▷e▷ Ss↽▷ The area of the triangle which is half of the parallelogram is expressed by P^′_∞P^′_∈ × d/2▷ We need the intersected length between the ray and the triangle to calculate intensity▷ When the ray passes through P3 the length is maximum▷ The length of the intersection between the triangle and PvP3 d is expressed by2^Ss_{P 01 P 02} . The length P^′_∞P^′_∈ ⌋⊣\ ⌊⌉ ≀⌊⊔⊣⟩\⌉⌈ ⌊† ⊣⌈⌈⟩\} ⌈⟩∫⊔⊣\⌋⌉ P ′∞{∇≀⇕ ⊔⟨⌉ ↕⟩\⌉ P vP3 and the distance P^′_∈ {∇≀⇕ ⊔⟨⌉ ∫⊣⇕⌉ ↕⟩\⌉⇔ ⊣\⌈ ⟩∫ ⌉§√∇⌉∫∫⌉⌈ ⌊† ((x 2− x1) − (z2− z1)(^{x3}_{z3} ))/b where b = √ + (^{x3}_{z3} )2. Let’s denote projected x-coordinates of triangle P1P2P3on the screen as x^′_∞, x^′_∈, x^′_∋↙ A{⊔⌉∇ √∇≀|⌉⌋⊔⟩≀\⇔ ⊔⟨⌉ ⊔∇⟩⊣\}↕⌉ ⊣{{⌉⌋⊔∫ ⊔≀ ⊔⟨⌉ ⟩\⊔⌉\∫⟩⊔† ⊣⊔ √⟩§⌉↕∫ ⌊⌉⊔⊒⌉⌉\ x^′_∞⊣\⌈ x^′_∈⇔ ⊣\⌈ ⊔⟨⌉ ⟩\⊔⌉\∫⟩⊔† ⊣⊔ x^′_∋ ⟨⊣∫ ⊣ ⇕⊣§⟩⇕⊓⇕ ⊑⊣↕⊓⌉ ⌊⌉⌋⊣⊓∫⌉ ⊔⟨⌉ ⟩\⊔⌉\∫⟩⊔† ⌈⌉√⌉\⌈∫ ≀\ ⊔⟨⌉ ⟩\⊔⌉∇∫⌉⌋⊔⌉⌈ ↕⌉\}⊔⟨ ≀{ ⊔⟨⌉ ∇⊣† ⊣\⌈ ⊔⟨⌉ ⊔∇⟩⊣\}↕⌉↙ T⟨⊣⊔ ⟩∫⇔ ⊣∫ ∫⟨≀⊒\ ⟩\ F⟩}↙△⇐⌊⇒⇔ ⊔⟨⌉ ⟩\⊔⌉\∫⟩⊔† ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\ ⌊⌉⊔⊒⌉⌉\ x ′∞⊣\⌈ x ′∈ ⟩∫ ⊣√√∇≀§⟩⇕⊣⊔⌉⌈ ⌊† ⊔⊒≀ ↕⟩\⌉∇ {⊓\⌋⊔⟩≀\∫↙ F≀∇ ∫⟩⇕√↕⌉ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\⇔ x ′∋ ⟩∫ ∫↕⟩}⟨⊔↕† ⇕≀⊑⌉⌈ ⊔≀ ⊔⟨⌉ ⌋⌉\⊔⌉∇ ≀{ √⟩§⌉↕ ⊒⟨⟩⌋⟨ ⟩\⌋↕⊓⌈⌉∫ x ′∋↙ T⟨⌉ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\ {⊓\⌋⊔⟩≀\ ⌋⊣\ ⌊⌉ ⌈⌉⊔⌉∇⇕⟩\⌉⌈ ⊓\⟩∐⊓⌉↕† ⌊† ⊔⟨⌉ ⇕⊣§⟩⇕⊓⇕ ⟩\⊔⌉\∫⟩⊔†↙ A∫ ⌈⌉∫⌋∇⟩⌊⌉⌈ √∇⌉⊑⟩≀⊓∫↕† ⟩\ ∈↙∋⇐⊣⇒⇔ {≀∇ ⌋⊣↕⌋⊓↕⊣⊔⟩\} ⊔⟨⌉ ⟩\⊔⌉\∫⟩⊔† ≀{ ⊣ ∫⟨⊣{⊔ ≀{ ↕⟩}⟨⊔ ≀\↕† ⌈⟩∇⌉⌋⊔ ∫⊓\↕⟩}⟨⊔ ⟩∫ ⊔⊣‖⌉\ ⟩\ ⊣⌋⌋≀⊓\⊔∅ ⊔⟨⌉ ∫⌉⌋≀\⌈ ⊔⌉∇⇕ ⟩\ ⌉∐↙⇐∞⇒ ⌋⊣\ ⌊⌉ \⌉}↕⌉⌋⊔⌉⌈↙ B† ⊣∫∫⊓⇕⟩\} I ′s except for F p in the αrst term of eq▷↼1↽ ↼I p = I′sFp↽ Ip is expressed by I^′_s^Su_Ss . Then the maximum intensity of Ipidi of the αrst term of equation ↼5↽ is given by ↼see 4▷2 for 2nd term↽ Imax = I^′_s Su Ss 2S s P^′_∞P^′_∈ = 2I^′_sSub (x2− x1) − (z2− z1)(^{x3}_{z3} ) . (8) That is, Ss is canceled, area calculation of the caustic triangle is unnecessary▷ As ( x3 z3 ) is small, b is approximated by 1 + (^{x3}_{z3} )/2▷ For very small (^{x3}_{z3} ) (i.e., around center on the screen), the intensity of the triangle is inversely propotional to the width (x2 − x1) of triangle viewed from the viewpoint. Intensity at every pixel in the interval [x^′_∞, x^′_∈] except x^′_∋ ⟩∫ ⌋⊣↕⌋⊓↕⊣⊔⌉⌈ ⌊† ↕⟩\⌉⊣∇ ⟩\⊔⌉∇√≀↕⊣⊔⟩≀\↙ L⌉⊔≃∫ ⌋≀\∫⟩⌈⌉∇ ⊣ ⊣⌋⌋⊓⇕⊓↕⊣⊔⟩≀\ ⌊⊓{{⌉∇⇔ I(x) (x = 1, 2, ...n . n =screen width), to be stored intensities. After initializing the accumulation buffer, the accumulation process to the accumulation buffer is done by the following quasi-code. d1 = Imax/(x^′_∋ − x^′_∞); d = d1([x^′_∋] + 1 − [x^′_∞]); for x = [x^′_∞] + 1, [x^′_∋]; { ⟩{ ⇐z(x) > zmax↽ I(x) = I(x) + d , d = d + d1, } d2 = Imax/(x^′_∈ − x^′_∋) ; for x = [x^′_∋] + 1, [x^′_∈] { ⟩{ ⇐z(x) > zmax↽ I(x) = I(x) + d, d = d − d2, } ⊒⟨⌉∇⌉ ∪ ⊎ ⟩∫ ⊔⟨⌉ ∫†⇕⌊≀↕ ≀{ ⊔∇⊓\⌋⊣⊔⌉⌈ {∇⊣⌋⊔⟩≀\∫⇔ d the intensity at pixel x▷ z(x) is the depth at pixel x which is stored in the Zbuffer and zmax the maximum depth of the triangle▷ In the above process if the triangle is nearer than the depth of the object at the pixel the intensity at the pixel is stored in the accumulation buffer like the Zbuffer algorithm▷

4▷2 Intensity calculation on objects To calculate intensity of reβected light from point Q on an object illumination volumes hitting Q have to be extracted, at least one illumination volume exists▷ In previous methods the intensity distribution is calculated beforehand and stored in an illumination map▷ Then they require substantial storage memory and their shape is limited to polygons. even intensities of invisible parts are calculated▷ If an illumination map is not used it is time consuming because intensity tests between objects and illumination volumes are executed at every point on the objects▷ However our method makesboth illumination map and intersec tion tests between objects and illumination volumes unnecessary▷ As shown in Fig▷2 if a caustic triangle on a scan plane contains point Q on the object ↼x and z components are enough to test↽ the illumination volume including the caustic triangle illuminates point Q▷ As the depth of the object at each pixel is stored in the Zbuffer this test is performed simply by comparing the depth of the triangle with the depth of the object▷ The intensity of reβected light is determined by the intersection area between the object and the illumination volume ↼the ratio of focus is determined by the area↽ the angle between the normal of the object and the ray and the attribute of its material ↼such as reβectance↽▷ In previous method ♭22♯ handling polygonal objects the intersected area↼i▷e▷ a casuistic polygon↽ between the object and the illumination volume should be calculated▷ For curved surfaces such a calculation is difαcult▷ In the proposed method the density ratio of βux F in eq▷↼1↽ can be calculated by using the area of the caustic triangle on the scan plane instead of the intersected area on the object▷ The area of the triangle is calculated just for the intensity calculation of objects in general the area of caustic triangle is not calculated ↼see 4▷1↽▷ The intensity of reβected light Iq is given by Iq = IiT (θi, θt)Fpexp(−c(λ)lq)(kdcosα + ks(cosγ)^n), (9) where kd and ks are diffuse reβectance and specular reβectance respectively▷ l q is the distance between the calculation point and the water surface α the angle between the normal of the object and the incident ray γ the angle between the viewing direction and the reβection direction n the specularreβection exponent. we employed Phongφs model▷ 4▷3 Shadow processing For the case where light sources are located above the water sur face the calculation method for shafts of light within the water are described here▷ As the shafts of light stream from top to bottom on the screen the scanlines are processed from the top to the bottom▷ As the shadow effects of objects located above the water surface are ignored if the starting point of illumination volume ↼on the water surface↽ is visible from the viewpoint this point is not in shadow, the test is easily done by using values of Zbuffer▷ When the start ing point is outside of the screen the shadow test ↼i▷e▷ inclusion test whether objects include the point or not↽ is done▷ During the proceeding of scanlines once the caustic triangle on the scan plane intersects with an object ↼see Q in Fig▷3↽ the illumination volume is cut away in the next scanline because of it being in shadow▷ In the case of the triangle existing behind the value of Zbuffer the illumination volume intersects with some object ↼see shaded region in Fig▷2↽ or passes through behind the object ↼see dotted region in Fig▷2↽▷ In this case shadow testing is executed▷ That is if the illumination volume intersects with some object the illumination volume is cut away▷ In water the extinction coefαcient is large in general▷ Scattered light from particle far from the water surface do not arrive at the viewpoint so the illumination volume is assumed to have a limited length▷ The distant part of it therefore is cut away as in shadow processing▷ 5 EXAMPLES Fig▷ 5 shows some scenes from an animation of optical effects within water▷ Fig▷↼a↽ shows the shafts of light and caustics on a creature

Figure 5. Examples of optical effects within water▷ in water, the killer whale consists of 890 metaballs▷ Fig▷↼b↽ shows the killer whale viewed from the bottom of water▷ Fig▷↼c↽ is a close up of Fig▷↼a↽ in order to observe caustics on curved surfaces▷ In these examples 125000 illumination volumes are used▷ The waves are composited by the four different wavelength of waves ♭9♯▷ The size of the illumination volume is equivalent to 1/36 of the shortest wavelength▷ The calculation was done on an IRIS CRIMSON▷ The computation times for Fig▷5 ↼a↽ and ↼b↽ were 6▷2 minutes and 7▷4 minutes respectively ↼image size/512 × △′′⇒↙ ̸CONCLUSION W⌉ ⟨⊣⊑⌉ √∇≀√≀∫⌉⌈ ⊣\ ⊣↕}≀∇⟩⊔⟨⇕ {≀∇ ∇⌉\⌈⌉∇⟩\} ⊔⟨⌉ ≀√⊔⟩⌋⊣↕ ⌉{{⌉⌋⊔∫ ∫⊓⌋⟨ ⊣∫ ∫⟨⊣{⊔∫ ≀{ ↕⟩}⟨⊔⇔ ⌋⊣⊓∫⊔⟩⌋∫⇔ ⊣\⌈ ⊔⟨⌉ ⌋≀↕≀∇ ≀{ ⊔⟨⌉ ⊒⊣⊔⌉∇↙ A∫ ∫⟨≀⊒\ ⟩\ ⊔⟨⌉ ⌉§⊣⇕√↕⌉∫⇔ ⊔⟨⌉ √∇≀√≀∫⌉⌈ ⇕⌉⊔⟨≀⌈ }⟩⊑⌉∫ ⊓∫ √⟨≀⊔≀↖∇⌉⊣↕⟩∫⊔⟩⌋ ⟩⇕⊣}⌉∫ ⊔⊣‖⟩\} ⟩\⊔≀ ⊣⌋⌋≀⊓\⊔ ∫⌋⊣⊔⊔⌉∇⟩\} ⌋⟨⊣∇⊣⌋⊔⌉∇⟩∫⊔⟩⌋ ≀{ √⊣∇⊔⟩⌋↕⌉∫ ⊣\⌈ ⟩\⊔⌉\↖ ∫⟩⊔† ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\ ≀{ ↕⟩}⟨⊔ ⊒⟩⊔⟨⟩\ ⊔⟨⌉ ⊒⊣⊔⌉∇↙ T⟨⌉ ⊣⌈⊑⊣\⊔⊣}⌉∫ ≀{ ⊔⟨⌉ √∇≀√≀∫⌉⌈ ⇕⌉⊔⟨≀⌈ ⊣∇⌉ ⊣∫ {≀↕↕≀⊒∫¬ ⇐∞⇒ F≀∇ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\ ≀{ ⌋⊣⊓∫⊔⟩⌋∫ ≀\ ≀⌊|⌉⌋⊔∫⇔ ⊔⟨⌉ ⇕⌉⊔⟨≀⌈ √∇≀√≀∫⌉⌈ ⟨⌉∇⌉ ⌈≀⌉∫\≃⊔ \⌉⌉⌈ ⊣\† ⟩↕↕⊓⇕⟩\⊣⊔⟩≀\ ⇕⊣√ ⊓∫⌉⌈ ⟩\ √∇⌉⊑⟩≀⊓∫ ⇕⌉⊔⟨≀⌈∫↙ T⟨⌉ ⇕⌉⊔⟨≀⌈ ⌋⊣\ ⌈⟩∫√↕⊣† ⌋⊣⊓∫⊔⟩⌋∫ ≀\ ⌋⊓∇⊑⌉⌈ ∫⊓∇{⊣⌋⌉∫ ∫⊓⌋⟨ ⊣∫ ⇕⌉⊔⊣⌊⊣↕↕∫↙ ⇐∈⇒ T⟨⌉ ⇕⌉⊔⟨≀⌈ √∇≀√≀∫⌉⌈ ⟨⌉∇⌉ ⌋⊣\ ⌋⊣↕⌋⊓↕⊣⊔⌉ ≀√⊔⟩⌋⊣↕ ⌉{{⌉⌋⊔∫⇔ ∫⟨⊣{⊔ ≀{ ↕⟩}⟨⊔⇔ ⌋⊣⊓∫⊔⟩⌋∫⇔ ⊣\⌈ ⌋≀↕≀∇ ≀{ ⊒⊣⊔⌉∇⇔ ⌉{{⌉⌋⊔⟩⊑⌉↕† ⌊† ⊓∫⟩\} ⊣ ∫⌋⊣\↕⟩\⌉ Z↖⌊⊓{{⌉∇ ⊣\⌈ ⊣⌋⌋⊓⇕⊓↕⊣⊔⟩≀\ ⌊⊓{{⌉∇↙ ⇐∋⇒ T⟨⌉ ∫⟨⊣⌈≀⊒ ⌉{{⌉⌋⊔∫ ≀{ ∫⟨⊣{⊔∫ ≀{ ↕⟩}⟨⊔ ⌋⊣\ ⌊⌉ ⌋⊣↕⌋⊓↕⊣⊔⌉⌈ ∫⟩⇕√↕† ⌊† ⊓∫⟩\} Z↖⌊⊓{{⌉∇↙ E⊑⌉\ ⊔⟨≀⊓}⟨ ⊒⌉ ⌈⟩⌈ \≀⊔ ∫⟨≀⊒ ⟩⇕⊣}⌉∫ ⊑⟩⌉⊒⌉⌈ {∇≀⇕ ⊣⌊≀⊑⌉ ⊔⟨⌉ ⊒⊣⊔⌉∇ ∫⊓∇{⊣⌋⌉⇔ ⊔⟨⌉ ⇕⌉⊔⟨≀⌈ √∇≀√≀∫⌉⌈ ⟨⌉∇⌉ ⌋⊣\ ⌊⌉ ⊣√√↕⟩⌉⌈ ⊔≀ ⊣⊔⇕≀↖ ∫√⟨⌉∇⌉∫ ⟩\⌋↕⊓⌈⟩\} ⌋⊣⊓∫⊔⟩⌋∫ ≀\ ≀⌊|⌉⌋⊔∫ ⌈⊓⌉ ⊔≀ ∇⌉⊙⌉⌋⊔⌉⌈ ↕⟩}⟨⊔ {∇≀⇕ ⊒⊣⊔⌉∇ ∫⊓∇{⊣⌋⌉∫↙ A⌋‖\≀⊒↕⌉⌈}⇕⌉\⊔ T⟨⌉ ⊣⊓⊔⟨≀∇∫ ⊒≀⊓↕⌈ ↕⟩‖⌉ ⊔≀ ⊣⌋‖\≀⊒↕⌉⌈}⌉ M∇↙ T↙ M⊣⌉⌈⊣ {≀∇ ⟨⟩∫ ⟨⌉↕√ ⟩\ ⇕⊣‖⟩\} ⊔⟨⌉ ⌈⊣⊔⊣ {≀∇ ⊔⟨⌉ ‖⟩↕↕⌉∇ ⊒⟨⊣↕⌉↙

REFERENCES ∪∞⊎ J↙F↙ B↕⟩\\⇔ ⊖L⟩}⟨⊔ R⌉⊙⌉⌋⊔⟩≀\ F⊓\⌋⊔⟩≀\∫ {≀∇ S⟩⇕⊓↕⊣⊔⟩≀\ ≀{ C↕≀⊓⌈∫ ⊣\⌈ D⊓∫⊔† S⊓∇{⊣⌋⌉∫⇔⪰ C≀⇕√⊓⊔⌉∇ G∇⊣√⟨⟩⌋∫⇔ V≀↕↙ ∞⇎ N≀↙ ∋⇔ ⇐∞∃∀∈⇒⇔√√↙ ∈∞↖∈∃↙ ∪∈⊎ J↙F↙ B↕⟩\\⇔ ⊖A G⌉\⌉∇⊣↕⟩‡⊣⊔⟩≀\ ≀{ A↕}⌉⌊∇⊣⟩⌋ S⊓∇{⊣⌋⌉ D∇⊣⊒⟩\}⇔⪰ ACM T∇⊣\∫⊣⌋⊔⟩≀\ ≀\ G∇⊣√⟨⟩⌋∫⇔ V≀↕↙ ∈⇔ ⇐∞∃∀′⇒⇔√√↙ ∈∋▽↖∈▽↙̸ ∪∋⊎ S↙E↙ C⟨⌉\⇔ H↙E↙ R⊓∫⟨⇕⌉⟩⌉∇⇔ G↙ M⟩↕↕⌉∇⇔ D↙ T⊓∇\⌉∇⇔ ⊖A P∇≀}∇⌉∫∫⟩⊑⌉ M⊓↕⊔⟩↖P⊣∫∫ M⌉⊔⟨≀⌈ {≀∇ G↕≀⌊⊣↕ I↕↕⊓⇕⟩\⊣⊔⟩≀\⇔⪰ C≀⇕√⊓⊔⌉∇ G∇⊣√⟨⟩⌋∫⇔ V≀↕↙ ∈▽⇔ N≀↙ △⇔ ⇐∞∃∃∞⇒⇔√√↙ ∞▽̸↖∞△↙ ∪△⊎ A↙ F≀⊓∇\⟩⌉∇⇔ ⊖ A S⟩⇕√↕⌉ M≀⌈⌉↕ ≀{ O⌋⌉⊣\ W⊣⊑⌉∫⇔⪰ C≀⇕√⊓⊔⌉∇ G∇⊣√⟨⟩⌋∫⇔ V≀↕↙ ∈′⇔ N≀↙ △⇔ ⇐∞∃∀⇏⇔√√↙ ▽↖∀△↙ ∪▽⊎ P↙ H⊣⌉⌊⌉∇↕⟩⇔ K↙ A‖⌉↕⌉†⇔ ⊖T⟨⌉ A⌋⌋⊓⇕⊓↕⊣⊔⟩≀\ B⊓{{⌉∇¬ H⊣∇⌈⊒⊣∇⌉ S⊓√√≀∇⊔ {≀∇ H⟩}⟨ Q⊓⊣↕⟩⊔† R⌉\⌈⌉∇⟩\}⇔⪰ C≀⇕√⊓⊔⌉∇ G∇⊣√⟨⟩⌋∫⇔ V≀↕↙ ∈△⇔ N≀↙ △⇔⇐∞∃∃′⇒⇔√√↙ ∋′∃↖∋∞∋↙ ∪⊎̸ P↙ H⌉⌋‖⌊⌉∇⊔⇔ P↙ H⊣\∇⊣⟨⊣\⇔ ⊖B⌉⊣⇕ T∇⊣⌋⟩\} P≀↕†}≀\⊣↕ O⌊|⌉⌋⊔∫⇔⪰ C≀⇕√⊓⊔⌉∇ G∇⊣√⟨⟩⌋∫⇔ V≀↕↙ ∞∀⇔ N≀↙ ∋⇔ ⇐∞∃∀△⇒⇔√√↙ ∞∞↖∞∈↙ ∪⊎ P↙ H⌉⌋‖⌊⌉∇⊔⇔ ⊖A⌈⊣√⊔⟩⊑⌉ R⊣⌈⟩≀∫⟩⊔† T⌉§⊔⊓∇⌉∫ {≀∇ B⟩⌈⟩↖ ∇⌉⌋⊔⟩≀\⊣↕ R⊣† T∇⊣⌋⟩\}⇔⪰ C≀⇕√⊓⊔⌉∇ G∇⊣√⟨⟩⌋∫⇔ V≀↕↙ ∈△⇔ N≀↙ △⇔⇐∞∃∃′⇒⇔√√↙ ∞△▽↖∞▽△↙ ∪∀⊎ N↙ G↙ J⌉∇↕≀⊑⇔ ⊖O√⊔⟩⌋⊣↕ O⌋⌉⊣\≀}∇⊣√⟨†⇔⪰ E↕∫⌉⊑⟩⌉∇⇔ A⇕∫⊔⌉∇⌈⊣⇕ ⇐∞∃∀̸⇒↙

∪∃⊎ K↙ K⊣\⌉⌈⊣⇔ G↙ Y⊓⊣\⇔ E↙ N⊣‖⊣⇕⊣⌉⇔ T↙ N⟩∫⟨⟩⊔⊣⇔ ⊖R⌉⊣↕⟩∫⊔⟩⌋ V⟩∫⊓⊣↕ ∫⟩⇕⊓↕⊣⊔⟩≀\ ≀{ W⊣⊔⌉∇ S⊓∇{⊣⌋⌉∫ T⊣‖⟩\} ⟩\⊔≀ ⊣⌋⌋≀⊓\⊔ R⊣⌈⟩⊣⊔⟩⊑⌉ T∇⊣\∫{⌉∇⇔⪰ P∇≀⌋↙ ≀{ CAD∝G∇⊣√⟨⟩⌋∫≃∃∞⇔ ⇐∞∃∃∞⇒ √√↙∈▽↖∋′↙ ∪∞′⊎ J↙T↙ K⊣|⟩†⊣⇔ ⊖R⊣† ⊔∇⊣⌋⟩\} V≀↕⊓⇕⌉ D⌉\∫⟩⊔⟩⌉∫⇔ C≀⇕√⊓⊔⌉∇ G∇⊣√⟨↖ ⟩⌋∫⇔ V≀↕↙ ∞∀⇔ N≀↙ ∋⇔⇐∞∃∀△⇒⇔√√↙∞▽̸↖∞△↙ ∪∞∞⊎ R↙V↙ K↕⊣∫∫⌉\⇔ ⊖M≀⌈⌉↕⟩\} ⊔⟨⌉ E{{⌉⌋⊔ ≀{ ⊔⟨⌉ A⊔⇕≀∫√⟨⌉∇⌉ ≀\ L⟩}⟨⊔⇔⪰ ACM T∇⊣\∫⊣⌋⊔⟩≀\ ≀\ G∇⊣√⟨⟩⌋∫⇔ V≀↕↙ ⇎ N≀↙ ∋⇔⇐∞∃∀⇒⇔√√↙ ∈∞▽↖∈∋↙ ∪∞∈⊎ N↙ M⊣§⇔ ⊖L⟩}⟨⊔ D⟩{{⊓∫⟩≀\ ⊔⟨∇≀⊓}⟨ C↕≀⊓⌈∫ ⊣\⌈ H⊣‡⌉⇔⪰ G∇⊣√⟨↖ ⟩⌋∫ ⊣\⌈ I⇕⊣}⌉ P∇≀⌋⌉∫∫⟩\}⇔ V≀↕↙ ∋∋⇔ N≀↙ ∋⇔ ⇐∞∃∀⇏ √√↙∈∀′↖∈∃∈↙ ∪∞∋⊎ D↙ M⟩⊔⌋⟨⌉↕↕⇔ P↙ H⊣\∇⊣⟨⊣\⇔ ⊖I↕↕⊓⇕⟩\⊣⊔⟩≀\ {∇≀⇕ C⊓∇⊑⌉⌈ R⌉⊙⌉⌋↖ ⊔≀∇∫⇔⪰ C≀⇕√⊓⊔⌉∇ G∇⊣√⟨⟩⌋∫⇔ V≀↕↙ ∞⇎ N≀↙ ∈⇔ ⇐∞∃∃∈⇒ √√↙∈∀∋↖∈∃∞↙ ∪∞△⊎ H↙ N⟩∫⟨⟩⇕⊓∇⊣⇔ M↙ H⟩∇⊣⟩⇔ T↙ K⊣⊒⊣⟩⇔ T↙ K⊣⊒⊣⊔⊣⇔ I↙ S⟨⟩∇⊣‖⊣⊒⊣⇔ K↙ O⇕⊓∇⊣⇔ ⊖O⌊|⌉⌋⊔ M≀⌈⌉↕⟩\} ⌊† D⟩∫⊔∇⟩⌊⊓⊔⟩≀\ F⊓\⌋⊔⟩≀\ ⊣\⌈ ⊣ M⌉⊔⟨≀⌈ ≀{ I⇕⊣}⌉ }⌉\⌉∇⊣⊔⟩≀\⇔⪰⇔ J≀⊓∇\⊣↕ ≀{ √⊣√⌉∇∫ }⟩⊑⌉\ ⌊† ⊣⊔ ⊔⟨⌉ E↕⌉⌋⊔∇≀\⟩⌋∫ C≀⇕⇕⊓\⟩⌋⊣⊔⟩≀\ C≀\{⌉∇⌉\⌋⌉ ≃∀▽ J∀̸↖D⇐△⇒ √√↙∞∀↖∈▽ ⇐⟩\ J⊣√⊣\⌉∫⌉⇒ ∪∞▽⊎ T↙ N⟩∫⟨⟩⊔⊣⇔ ⊣\⌈ E↙ N⊣‖⊣⇕⊣⌉⇔ ⊖C≀\⊔⟩\⊓≀⊓∫ ⊔≀\⌉ R⌉√∇⌉∫⌉\⊔⊣↖ ⊔⟩≀\ ≀{ T⟨∇⌉⌉↖D⟩⇕⌉\∫⟩≀\⊣↕ O⌊|⌉⌋⊔∫ I↕↕⊓⇕⟩\⊣⊔⌉⌈ ⌊† S‖† L⟩}⟨⊔⇔⪰ C≀⇕√⊓⊔⌉∇ G∇⊣√⟨⟩⌋∫⇔ V≀↕↙ ∈′⇔ N≀↙ △⇔⇐∞∃∀⇏⇔√√↙ ∞∈▽↖∞∋∈↙ ∪∞⊎̸ T↙ N⟩∫⟨⟩⊔⊣⇔ Y↙ M⟩†⊣⊒⊣‖⟩⇔ E↙ N⊣‖⊣⇕⊣⌉⇔ ⊖A S⟨⊣⌈⟩\} M≀⌈⌉↕ {≀∇ A⊔⇕≀∫√⟨⌉∇⟩⌋ S⌋⊣⊔⊔⌉∇⟩\} C≀\∫⟩⌈⌉∇⟩\} D⟩∫⊔∇⟩⌊⊓⊔⟩≀\ ≀{ L⟩}⟨⊔ S≀⊓∇⌋⌉∫⇔⪰ C≀⇕√⊓⊔⌉∇ G∇⊣√⟨⟩⌋∫⇔ V≀↕↙ ∈∞⇔ N≀↙ △⇔⇐∞∃∀⇒⇔√√↙ ∋′∋↖ ∋∞′↙ ∪∞⊎ T↙ N⟩∫⟨⟩⊔⊣⇔ T↙W↙ S⌉⌈⌉∇⌊⌉∇}⇔ M↙ K⊣‖⟩⇕≀⊔≀⇔ ⊖R⊣† T∇⊣⌋⟩\} R⊣⊔⟩≀↖ \⊣↕ T∇⟩⇕⇕⌉⌈ S⊓∇{⊣⌋⌉ P⊣⊔⌋⟨⌉∫⇔⪰ C≀⇕√⊓⊔⌉∇ G∇⊣√⟨⟩⌋∫⇔ V≀↕↙ ∈△⇔ N≀↙ △⇔⇐∞∃∃′⇒⇔ √√↙∋∋↖∋△▽↙ ∪∞∀⊎ T↙ N⟩∫⟨⟩⊔⊣⇔ T↙ S⟨⟩∇⊣⟩⇔ K↙ T⊣⌈⊣⇕⊓∇⊣⇔ E↙ N⊣‖⊣⇕⊣⌉⇔ ⊖D⟩∫√↕⊣† ≀{ T⟨⌉ E⊣∇⊔⟨ T⊣‖⟩\} ⟩\⊔≀ A⌋⌋≀⊓\⊔ A⊔⇕≀∫√⟨⌉∇⟩⌋ S⌋⊣⊔⊔⌉∇⟩\}⇔⪰ P∇≀⌋↙ ≀{ SIGGRAPH≃∃∋⇔ ⇐∞∃∃∋⇒⇔√√↙ ∞▽↖∞∀∈↙ ∪∞∃⊎ T↙ N⟩∫⟨⟩⊔⊣⇔ E↙ N⊣‖⊣⇕⊣⌉⇔ ⊖A M⌉⊔⟨≀⌈ {≀∇ D⟩∫√↕⊣†⟩\} M⌉⊔⊣⌊⊣↕↕∫ ⊓∫⟩\} B≻⌉‡⟩⌉∇ C↕⟩√√⟩\}⇔⪰ C≀⇕√⊓⊔⌉∇ G∇⊣√⟨⟩⌋∫ F≀∇⊓⇕ ⇐P∇≀⌋↙ ≀{ EUROGRAPHICS≃∃△⇒⇔ ⇐∞∃∃△⇒ ⇐⊔≀ ⌊⌉ ⊣√√⌉⊣∇⇒↙ ∪∈′⊎ P↙ Y↙ T∫≃≀⇔ ⊣\⌈ B↙ A↙ B⊣∇∫‖†⇔↙ ⊖ M≀⌈⌉↕⟩\} ⊣\⌈ R⌉\⌈⌉∇⟩\} W⊣⊑⌉∫¬ W⊣⊑⌉↖T∇⊣⌋⟩\} U∫⟩\} B⌉⊔⊣↖S√↕⟩\⌉∫ ⊣\⌈ R⌉⊙⌉⌋⊔⟩⊑⌉ ⊣\⌈ R⌉{∇⊣⌋⊔⟩⊑⌉ T⌉§⊔⊓∇⌉ M⊣√√⟩\}⇔⪰ ACM T∇⊣\∫⊣⌋⊔⟩≀\∫ ≀\ G∇⊣√⟨↖ ⟩⌋∫⇔ V≀↕↙ ⇎ N≀↙ ∋⇔⇐∞∃∀⇒⇔√√↙ ∞∃∞↖∈∞△↙ ∪∈∞⊎ M↙ S⟨⟩\†⊣⇔ T↙ S⊣⟩⊔≀⇔ T↙ T⊣‖⊣⟨⊣∫⟨⟩⇔ ⊖R⌉\⌈⌉∇⟩\} T⌉⌋⟨\⟩∐⊓⌉∫ {≀∇ T∇⊣\∫√⊣∇⌉\⊔ O⌊|⌉⌋⊔∫⇔⪰ P∇≀⌋↙ ≀{ G∇⊣√⟨⟩⌋∫ I\⊔⌉∇{⊣⌋⌉≃∀∃⇔ ⇐∞∃∀∃⇒⇔ √√↙∞∋↖∞∀∞↙ ∪∈∈⊎ M↙ W⊣⊔⊔⇔ ⊖L⟩}⟨⊔↖W⊣⊔⌉∇ I\⊔⌉∇⊣⌋⊔⟩≀\ ⊓∫⟩\} B⊣⌋‖⊒⊣∇⌈ B⌉⊣⇕ T∇⊣⌋⟩\}⇔⪰ C≀⇕√⊓⊔⌉∇ G∇⊣√⟨⟩⌋∫⇔ V≀↕↙ ∈△⇔ N≀↙ △⇔ ⇐∞∃∃′⇒⇔√√↙ ∋↖ ∋↙̸